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Abstract 

There is a hierarchy of commuting soliton equations associated to each symmetric 
space U/K. When U/K has rank n, the first n flows in the hierarchy give rise to a natural 
first order non-linear system of partial differential equations in n variables, the so called 
U /K-system. Let G m , n denote the Grassmannian of n-dimensional linear subspaces in 
R m+n , and G\ nn the Grassmannian of space-like m-dimensional linear subspaces in the 
Lorentzian space _R m+n > 1 . In this paper, we use techniques from soliton theory to study 
submanifolds in space forms whose Gauss-Codazzi equations are gauge equivalent to the 
G m>ra -system or the G x m n -system. These include submanifolds with constant sectional 
curvatures, isothermic surfaces, and submanifolds admitting principal curvature coordi- 
nates. The dressing actions of simple elements on the space of solutions of the G m .n 
and G^ n systems correspond to Backlund, Darboux and Ribaucour transformations for 
submanifolds. 
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1. Introduction 

Some of the high points in classical differential geometry are the study of 
surfaces in R 3 with special geometric properties, to find good coordinates so 
that the corresponding Gauss-Codazzi equations have specially nice forms, and 
to construct explicit examples and deformations of these surfaces. Surfaces with 
negative constant Gaussian curvature, surfaces with constant mean curvature, 
and isothermic surfaces are some of the well-known examples. The Gauss and 
Codazzi equations of these surfaces are now known to be "soliton" equations. 
In recent years, modern geometers have found that these equations admit "Lax 
pairs", i.e., they can be written as the condition of a family of connections to be 
flat. The existence of a Lax pair is one of the characteristic properties of soliton 
equations, and it often gives rise to an action of an infinite dimensional group 
on the space of solutions (the dressing action). The geometric transformations 
found for these surfaces by classical geometers such as Backlund, Darboux, and 
Ribaucour transformations, often arise as the dressing action of some simple 
rational elements. For more detail see [Bo2], [Bo3], [TU3]. In this approach, 
we start with a class of surfaces in R 3 . If there are methods to construct an 
infinite parameter family of solutions from a given one, then it hints that we may 
be able to find a good coordinate system and a Lax pair. Geometers have used 
this method to construct soliton equations involving n variables (cf. [TT], [Tel], 
[FP2]). But there is no uniform algorithm to achieve this or determine whether 
a geometric equation for a certain class of submanifolds is a soliton equation. 

It is also known that we can associate to each symmetric space U/K a hi- 
erarchy of soliton equations (cf. [TU1]). For example, the <S'i7(2)-hierarchy is 
the hierarchy for the non-linear Schrodinger equation and the SU(2)/SO(2)- 
hierarchy is the hierarchy for the modified KdV equation. If the rank of the 
symmetric space U/K is n, Terng [Te2] put the n first flows together to con- 
struct a natural non-linear first order system, the U / if-system, and initiated the 
project of identifying the submanifold geometry associated to these systems. This 
means to find submanifolds in certain symmetric space M whose Gauss-Codazzi 
equation is given by the U / X-system and to find the geometric transformations 
corresponding to the dressing actions of certain simple elements. This direct 
approach may provide ways to find Lax pairs for some known class of subman- 
ifolds, and also may give new interesting class of submanifolds. The main goal 
of this paper is to carry out this project for the real Grassmannian manifolds of 
space-like m-dimensional linear subspaces in R m + n and in R mJtn ' 1 . 

Below we give a short review of some known facts and outline our results. 

• The U / K-system 

Let U be a semi-simple Lie group, a an involution on G, and K the fixed 
point set of a. Then U/K is a symmetric space. The Lie algebra JC is the 
+ 1 eigenspace of the differential cr* of a at the identity. Let V denote the — 1 
eigenspace of a* . Then U = JC © V and 

[K, JC] c K, [JC, V] c V, [V, V] c V. 
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Let A be a maximal abelian subalgebra in V , a\, . . . , a n a basis for A, and A 1 ' 
the orthogonal complement of A in IA with respect to the Killing form <,>. 
We recall that n = dim(^4) is called the rank of the symmetric space. The n- 
dimensional system associated toU/K, defined by Terng in [Te2] , is the following 
first order non-linear partial differential equation for v : R n — > V fl A 1 - : 



[ai, v Xj \ - [aj,v Xi ] = [ [oi, u], [oj,u] ] , 1 < i ^ j < n, 



(1.1) 



where = J^-. We will call such system the U/K-system. 
• The Lax connection 



Recall that a (^-valued connection J^- + Ai is flat if its curvature is zero, 



i.e., 



d_ 



+ A h 



d | A 







for all Let V be a linear subspace of a Lie algebra Q. A partial differential 
equation (PDE) for v : R n — > admits a Lax connection if there exists a family 
of -valued connection 



<9a; , 



+ du, d 2 v , • • • , (i fc r;, A) 



such that the PDE for v is given by the flatness of these connections for all A in 

dxi 



some open domain in C . Equation (1.1) admits a Lax connection, + a^A + 



[a^, v]. In other words, v is a solution of (1.1) if and only if 



9 r 1 9 r . 

+ a^A + [ai, v\, + ajX+ [aj,v\ 



dxi 



dxj 



= 



(1.2) 



for all i,j and A G C. When n = 2, a Lax connection gives rise to a pair of 
commuting operators. This was first observed by Lax for the KdV equation and 
is called a Lax pair in the soliton literature. 

Note that the connection + Ai is flat if and only if the connection 1-form 

u) = J2iAidxi is flat, i.e., du = —u A u. In particular, v is a solution of the 
[//.fC-system (1.1) if and only if 



Q\ = ^(a;A+ [ai,v])dxi 



(1.3) 



i=l 



is flat for all A G C. We will also call 6*a the Lax connection of the U / K-system. 

• Dressing action 

The existence of a Lax connection for an equation often gives rise to an 
action of certain subgroup of germs of holomorphic maps at a suitable point on 
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the space of local solutions of the equation. This is called "dressing action" in 
the soliton literature. Below we give a rough sketch of the construction of the 
dressing action (cf. [ZS], [Ch], [TU2]). 

If v is a solution of (1.1), then its Lax connection 9\ is flat for all A G C, so 
there exists a Uc~ valued map E(x,X) such that 

E~ 1 dE = 6 x , E(0,\) = I. (1.4) 

Since 6\ is holomorphic for A G C, so is E(x, A). Now let g(X) be a holomorphic 
map defined from a neighborhood of A = oo in S* 2 = CU{oo} to Uc that satisfies 
certain U/K-realitj condition (defined later) and g(oo) = I. It follows from 
the classical Birkhoff factorization theorem (cf. [PS]) that there exist uniquely 
E(x, A) and g(x, A) so that 

g(X)E(x,X) = E(x,X)g(x,X), (1.5) 

E(x, A) is holomorphic for A G C, g(x, A) is holomorphic near A = oo and 
g(x, oo) = I. Calculate the residue at A = oo to conclude that 

n 

E~ 1 dE = ^(a*A + [a,i : v])dxi 
i=i 

for some v. So v is a new solution of (1.1). The solution v can also be obtained 
from g as follows: Expand 

g(x,X) = I + mi(x)X~ 1 + m2(x)X~ 2 + • • • 

at A = oo. Then 

v = v-p (mi), 
where po is the projection onto A 1 - H V. The map 

gftv = v 

defines the dressing action of the group of germs of holomorphic maps on the 
space of local solutions of the U/ if-system. 

If g(X) is a meromorphic map on S 2 with g(oo) = I, then the factorization 
(1.5) can be done explicitly by calculating the residues at poles of g(X). Note 
that system (1.1) has a trivial solution v = and 

/ n \ 

E(x : A) = exp aiXiX J 

is the solution of the corresponding linear system (1.4). Therefore g#0 can be 
computed explicitly. These explicit solutions correspond to the "pure solitons" 
in the theory of soliton equations. 
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If g(X) is a holomorphic map defined in a neighborhood of oo in S 2 such 
that g(\)ciig(\)~ 1 is a polynomial in A -1 , then the solution gJJO can be obtained 
by solving a system of ordinary differential equations on a finite dimensional 
linear space. These solutions are the so called "finite type solutions". Finite 
type solutions have been used successfully to construct constant mean curvature 
tori in R 3 (c) by Pinkall and Sterling in [PiS], in 3-dimensional space forms by 
Bobenko in [Bol], and harmonic maps from a torus to a symmetric space by 
Burstall, Ferus, Pedit and Pinkall in [BFPP]. 

• Cauchy problem 

If a\ is regular, then the linear map ad(ai) : V fl A 1 - — > /C is injective. 
It follows from Cartan-Kahler Theorem that if vq : (—8,5) — > V fl A 1 - is 
real analytic, then system (1.1) has a unique local analytic solution such that 
v(xi, 0, • • • , 0) = Vq(xi). If the initial data Vq is not real analytic but is rapidly 
decaying, then we can use the inverse scattering method developed by Beals and 
Coifman [BC] to solve the initial value problem (cf. [TU1], [Te2]). 

• Gauge equivalent systems 

Let 6\ be the flat connection (1.3) associated to the solution v of the U/K- 
system (1.1), and g : R n — > Uc a smooth map. Then the gauge transformation 

g*6 x = g9 x g~ x - dgg~ x 

is again a flat connection 1-form for all A G C. However, the differential equation 
given by the condition that g * 6\ is flat for all A has a different form. We say 
this new equation is gauge equivalent to system (1.1). For example: 

(i) Since 9\ satisfies the U / X-reality condition, 9q is a JC- valued flat connection 
1-form. Hence there exists g such that g~ x dg = 6q. A direct computation 
shows that the gauge transformation of 9\ by g is 

n 

g*9 x = gOxg' 1 - dgg~ x = ^2ga i g~ 1 Xdx i . 

i=i 

Write A{ = gaig -1 . The equation given by the flatness of g*9\ is the curved 
flat system studied by Ferus and Pedit in [FP1]. 

(ii) Suppose K = K\ x K2. Let v be a solution of the U/K-sjstem, and 
g~ x dg = 6q. Since #0 G /C, g(x) G K = K\ x K 2 . So we can write 
g = (<7i,<72) G K\ x A direct computation shows that the coefficients 
of A in gi * 6\ and g 2 * 0\ are in /C 2 and JCi respectively. The equations 
given by the flatness of g\ * 9\ and g 2 * 0\ are called the U / if-system I and 
II respectively. 

• Gauss- Codazzi equations for Submanifolds in space forms 

Let 0(n, 1) denote the group of all g G GL(n + 1) that preserves the bilinear 

form 

x 1 -t- • • • -t- x n x n+l . 
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Henceforth in this paper, we use the following notations: 

G m ,n = 0{m + n)/0{m) x 0(n), G^ n = 0{m + n, l)/0(m) x 0(n, 1). 

Let iV n (c) denote the n-dimensional space form with curvature c, i.e., the 
complete, simply connected Riemannian manifold with constant sectional curva- 
ture c. So N n (c) is R n , S n and H n for c = 0, 1, —1 respectively. The Levi-Civita 
connection 1-form of N n (c) can be read from the flatness of a so{n), so(n + 1) 
and o(n, 1)- valued connection 1-form. The Gauss-Codazzi equation of a sub- 
manifold in N n (c) is given by the flatness of the restriction of this connection 
1-form to the submanifold. The Fundamental Theorem of Submanifolds states 
that each solution of the Gauss-Codazzi equation correspond to a submanifold 
in iV n (c), unique up to ambient isometry. So if v is a solution of the G m , n - or 
G\n n -system I or II, then the corresponding Lax connection 6\ at A = 1 gives rise 
to a submanifold of a certain space form. Using the method of moving frames, 
special properties of the flat connection 9\ can be translated easily to geometric 
properties of the corresponding submanifolds. 

• Submanifolds corresponding to the G m n - and n -system I 

In [Te2], Terng proved that solutions of the G niTl -, G n ^ n+ i- and n -system 
I correspond to local isometric immersions of the space form N n (c) in N 2n (c) 
with flat normal bundle for c = 0, 1, and —1 respectively. We generalize this 
result to the G m>n - and n -system I for any m > n. They give rise to local 
isometric immersions of N n (c) into N n+m (c). 

• Submanifolds corresponding to G m ,n- and G^ ^-system II 

In order to explain the submanifold geometry corresponding to the G m , n - 
and G^ n -system II, we first need to review some classical surface theory. Let 
M be a surface in R 3 with curvature K = — 1, and es its unit normal field. 
Then there exists a line of curvature coordinate system (x, y) such that the two 
fundamental forms of M are 

I\ = cos 2 u dx 2 + sin 2 u dy 2 , II\ = sin u cos u (dx 2 — dy 2 ). 

Since the unit sphere is totally umbilic, the fundamental forms for S 2 in (x, y) 
coordinates via the parametrization es(x,y) are 

J 2 = sin 2 u dx 2 + cos 2 u dy 2 , II2 = —(sin 2 u dx 2 + cos 2 u dy 2 ). 

The Gauss-Codazzi equations for M (curvature —1) and (curvature 1) are the 
same sine-Gordon equation 

u X x — u yy = sin u cos u, (SGE) 

and the tangent plane of M at (x, y) is the same as the tangent plane of the sphere 
at es(x,y). A direct computation shows that such u gives rise to a solution of 
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the G^^-system II. This is a special case. In fact, we show that each solution of 
the G3 ; 2-system II corresponds to a pair of surfaces (Xi, X2) in R 3 with common 
line of curvature coordinates x, y such that the tangent plane at Xi(x, y) is equal 
to the tangent plane at X2(x, y) and their fundamental forms are 

11 = cos 2 u dx 2 + sin 2 u dy 2 , II\ = g\ cos u dx 2 + §2 sin u dy 2 , 

12 = sin 2 u dx 2 + cos 2 u dy 2 , II2 = —Qi sin u dx 2 + g2 cos u dy 2 

for some functions u,g\,g2- Moreover, the Gaussian curvature 

Ki(x,y) = -K 2 (x,y). 

For general m > n, we prove that each solution of the G m)n -system II (G^ n _ 1 - 
system II respectively) gives rise to an n-tuple of n-dimensional submanifolds 
(Xi, • ■ ■ , X n ) in R m with flat normal bundles and common line of curvature 
coordinates {x\, • ■ ■ , x n ) such that fundamental forms of Xj are 

n n,m — n 

1 j = ^2 a2 ji( x ) dx h n o = ^2 a ji9ki dx 2 e n+k 

i=l i=l,fc=l 

for some (a,ij(x)) G 0(n) (G 0(n — 1, 1) respectively) and gki{x). 

If we use another standard form of 0{n + 1,1), the group of g G GL(n + 2) 
that leaves the bi-linear from 

x 2 H h x 2 n + 2x n+1 x n+ 2 

invariant, then the corresponding 2-tuple (Xi,X2) in R n for the G\ j^-system II 
has the property that X\ is an isothermic surface and X2 is a Christoffel dual of 
X\. This was proved by Burstall, Hertrich-Jeromin, Pedit and Pinkall in [BHPP] 
for n = 2 and by Burstall in [Bu] for general n. 

• Backlund transformations and dressing action 

Let M, M* be two surfaces in R 3 . A diffeomorphism t : M — > M* is called 
a Backlund transformation with constant 9 if for all p G M, 

(a) pp* is tangent to both M and M* at p and p* = ^(p), 

(b) d(p,p*) = sin^, 

(c) the angle between TM p and TM*. is 6>. 

Backlund proved ([Ba]) that if £ is a Backlund transformation, then both M 
and M* have curvature —1. Moreover, if M is a surface in R 3 with X = — 1, 
< 6 < 7r a constant, and Vq G TM po a unit vector that is not a principal 
direction, then there exist a unique surface M* and a Backlund transformation 
^ : M — > M* such that ^(po) = po + sin^ t>o. Analytically, this gives a method of 
constructing new solution of SGE from a given one. Backlund transformations 



8 



have been generalized to isometric immersions of N n (c) in N 2n ~ 1 (c+ 1) by Terng 
and Tenenblat for c = — 1 in [TT] and by Tenenblat for c = 0, 1 in [Ten]. 

Terng and Uhlenbeck proved in [TU2] that the dressing action of a mero- 
morphic map with one pole on the space of solutions of SGE gives rise exactly 
to the classical Backlund transformations. We generalize this result to G n ,n and 
G^-systems. 

• Ribaucour transformations and dressing action 

Let M, M be two surfaces in R 3 . A diffeomorphism £ : M — > M is called a 
Ribaucour transformation if for all p G M 

(a) TM p = TM e{p) , 

(b) the normal line at p to M meets the normal line at £(p) to M at equidistance 

r(p), 

(c) the line through p in the principal direction e of M meets the line through 
£(p) in the direction £*(e) at a point at equidistance s(p). 

The notion of Ribaucour transformations has a natural generalization to subman- 
ifolds in space forms with flat normal bundle ([DT]). We show that the dressing 
action of rational maps with two simple poles on the solutions of the G m , n - and 
G^ n -system I and II correspond to Ribaucour transformations for submanifolds. 

• Organization of the paper 

We review some general facts about the U j 'X-system in section 2, write down 
the G m>n -systems explicitly in section 3, and the ^-systems in section 4. We 
review the method of moving frames in section 5. We describe submanifolds asso- 
ciated to various G mj?7 -systems and G^ ^-systems in section 6 and 7 respectively. 
In section 8, we study relations between constant mean curvature in 3-dimension 
space forms, isothermic surfaces and G^ -^-systems. The dressing action of a 
rational map with two simple poles on solutions of the G m>n - and G^ n -systems 
are written down explicitly in section 9 and 11 respectively. The corresponding 
geometric transformations are given in section 10 and 12. Burstall [Bu] gave a 
generalization of isothermic surfaces in R 3 and their Darboux transformations 
to isothermic surfaces in R n . In section 13, we show that the dressing action of 
a rational map with two poles on the space of solutions of the G\ ^system II 
gives rise to these Darboux transformations. In section 14, we give a relation 
between the dressing action of loop with one simple pole and Backlund transfor- 
mations. A permutability formula for Ribaucour transformations is explained in 
section 15, and relation between dressing action and finite type solutions of the 
U/ if-system are given in the last section. 



2. The f//K-System 

A connection of a trivial principal [/-bundle over R n is: 

— h A i: 1 < i < n, 
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for some smooth maps Ai : R n —> U. The curvature of this connection is 

= {Aj) Xi — (Ai) Xj + [Ai, Aj]. 

A connection is flat if its curvature is zero. 

The following Proposition, which is well-known, gives several equivalent con- 
ditions for a connection to be flat. The proof follows from a direct computation. 

2.1 Proposition. Let Ai, ■ ■ ■ , A n : R n — > U be smooth maps. The following 
statements are equivalent: 

(1) the connection + Ai(x) is Bat, i.e., [^f- + A i: + Aj] = 0, 

(2) (A j ) Xi -(A i ) Xj + [A il A j } = 0, 

n 

(3) the connection 1-form = Yl A { dxi is Hat, i.e., d6 + 6 A 6 = 0. 

i=i 

(4) 

E Xi =EAi, l<i<n, (2.1) 
is solvable forE:R n —>U. 



— +Ai, — +A 

OX i OX-; 



E is called a trivialization of the flat connection 6 = Yi Aidxi if it is a solution 
of (2.1) or equivalently if 

n 

E~ x dE = ^Aidxi. 

i=l 



It follows from a direct computation and Proposition 2.1 that 

2.2 Proposition ([Te2]). The following statements are equivalent for a map 
v:R n ^VnA ± : 
(i) v is a solution of the U/K-system (1.1), 

(ii) 



9 rid. r . 

+ Adi + [ai, v\, + Acij + [aj, v\ 



dx 



dx n 



0, VAgC, (2.2) 



(in) 6\ is a Hat Uc = U <8> C-connection 1-form on R n for all A G C, where 



Ox = + [aj, v])dxj, (2.3) 

i=l 



(iv) there exists E so that E 1 dE = 6\. 
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The one parameter family of flat connections (2.2) or (2.3) is called the Lax 
connection of the U / K-system (1.1). 

An element b G V is called regular if the orbit at 6 for the Ad(X)-action is 
a principal orbit. Let A be a maximal abelian subalgebra in V, 

/CU = {£e/C|[£,a] =0 VaG-4}, 

and /C^ the orthogonal complement of /C_4 in K. It follows from standard theory 
of symmetric space (cf. [H]) that if b G A is regular, then ad(6) maps K\ and 
V fl ^l" 1 isomorphically to P H A 1 - and /C^ respectively. 

2.3 Proposition. Let a\, ■ • ■ ,a n be a basis of a maximal abelian subalgebra 
A in V, and U{ : R n — > /C^ smooth maps for 1 < i < n. If 

n 

9 X =J2( a i X + u i) dx i ( 2 - 4 ) 
i=\ 

is a Bat connection 1-form on R n for all A G C, then there exists a unique map 
v : R n — > P fl such that = [a*, u]. 

PROOF. Choose a basis &i, • • • , b n oi A such that each b{ is regular. Write 
bj = J2i °ij a i- Make a change of coordinates = J2j c ijVj- Then 

#a = J^(aiA + u^dii = ^2(bj\ + Uj)dyj, 

i 3 

where Uj = Yi c ij u i G /C H A 1 - . Note that 6\ is flat for all A if and only if 

f [bi,Uj] = [bj,Ui], (25) 

\ - (Ui) Xj + [Ui, Uj] =0. { ' ) 

Because &i, • • • , b n are regular, ad(6j) maps V fl A 1 - isomorphically to K fl -A -1 . 
Hence there exists a unique G "PPl-A 1 - such that £tj = &d(bj)(vj) for 1 < j < n. 
Then the first equation of (2.5) implies that 

ad(&i) &d(bj)(vj) = ad(bj) ad(bi)(vi). 

Since [bi, bj] = 0, ad(&j) ad(6j) = ad(6j) ad(6^). But ad(&j) is injective on VnA 1 - 
implies that V{ = Vj, which will be denoted by v. We compute directly to get 



Uj 



Y,^u i = Y J C i3 [b i , 



^2c ki a k ,v 
L k 



[dj,v], 



where (c u ) is the inverse of (cij). ■ 

The following Proposition is immediate: 
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2.4 Proposition. If 9 is a flat Q-valued connection 1-form and g : R n — > G a 

smooth map, then the gauge transformation of 9 by g, 

9*0 = g9g~ x - dgg~ l , 

is also flat. Moreover, if E is a trivialization of 9, then Eg -1 is a trivialization 
of g * 9. 

Consider the system of PDE for 

n n 

(A 1 ,---,A n ,B 1 ,---,B n ) :R n ^YlVxYl)C 

i=l i=l 

given by the condition that 

n 

J2( A * X + B i) dx i 
i=i 

is a flat connection on R n for all A G C. Or equivalently, 

(AjX + Bj) Xi - (AiX + Bi) Xj + [AiX + Bi, A 3 \ + B 3 ] = 
for all A G C. By comparing coefficients of A 2 , A and the constant term, we get 

[A it Aj] = 0, 

(Ai) Xj - (Aj) Xi = [A,, Bj] + [Bi, A,}, (2.6) 
(Bi) Xj - (Bj) Xi = [Bi,Bj]. 

2.5 Proposition. Let tt x = J2i( A i^ + B l )dx l , A l G V and B l G /C. If 

[At, ^-j] = for all 1 < i,j < n, then Cl\ is flat for all A G C if and only if VL\ a 
is flat for some non-zero real or pure imaginary Xq. 

PROOF. If fl Xo is flat, then 

(AoA,- + Bj) Xi - (X Ai + Bi) Xj + [X Ai + B h X Q A 3 + B 3 ] = 0. (2.7) 

So both the JC and V components of the left hand side of the equation must be 
zero. Since U/K is a symmetric space, 

[/C, K] c /C, [/C, V\ c V, [V, V] c K. 

Equate the /C and V components of (2.7) to get 



(Bj)xi - (Bi) Xj + [Bi, B 3 ] — 0, 

(Aj)xi ~ (Ai) Xj + [Ai, Bj] + [Bi, A 3 ] = 0. 
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But this is the equation for £l\ to be flat for all A G C. 



Restrict system (2.6) to the case when all Bi = to get a system for maps 
(A l ,---,A n ):R n ^Vx-..xV: 



[Ai, Aj] 
(Ai) Xj ■■ 



= 0, 



for all i ^ j. 



(2.8) 



This is the Curved Flat system associated to U/K defined by Ferus and Pedit in 
[FP]. Its Lax connection is 



+ A { \, - \-AjX 



dx 



dx. 



= 0, V A G C. 



The second equation of (2.8) implies that J2i Aidxi is exact. So we get 

2.6 Proposition. Let A t (x) G V. Then J2i^ A i(x)dxi is Hat for all A G C if 
and only if [Ai, Aj] =0 for all 1 < i, j < n and there exists a map X : R n — > V 



such that 



dX = Aidxi 



i=l 



Let 9\ be defined as in (2.4). If 9\ is flat for all A G C, then 6 = J2i Uidxi 
is flat. Let g be a trivialization of 9q. A direct computation shows that the gauge 
transformation of 9\ by g is 

n 

g*0\ = ^2ga i g~ 1 Xdx i . 

i=l 

In other words, we have gauged away the /C-part of the Lax connection 9\ and 
the corresponding PDE is the curved flat system. If /C = /Ci © /C2, then we can 
gauge away the /Ci-part (/C2-part respectively) of 9\. To do this, we write 

Ui = & + 7]i G /Ci + /C 2 . 

Since #0 = Uidxi is flat, both ^\ Ci^i an d ^i^i are A a t- Let (71 : i? n — » 
and (72 : -R n - * -K2 be trivializations of and £^ r/idxi respectively, 

i.e., 

9i 1 dgi = ^2&dxi, g^ 1 dg 2 = ^Vidxi. 

i i 

Then the gauge transformation of 9\ by g\ and g 2 are is 

91 * 9 \ = ^2(g 1 a i g^ 1 X + r)i)dx u 

i 

92 * 9 X = ^2(g 2 aig 2 ~ 1 X + £i)dx u 
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respectively. 

The U/(Ki x K 2 )-system I is the PDE for g 1 : R n -> and ?7i, ■ • ■ , Tfc 
R n -> /C 2 n /C^ such that 



is flat for all A G C, i.e., 

/ ^r 1 ^!)^,^] - [g^ig^x^ai] + [a i ,g^ 1 r} j g 1 ] + [g^^g^aj] = 0, ,^ g . 
I OkOa* - (^)^ + h, Vj] =o. 

Similarly, the U/{K\ x K 2 )-system II is the PDE for g 2 : R n —> K 2 and 
f i, • • • , ^ ■ R n -> /Ci n /C^ such that 



is flat for all A G C, i.e., 



[# 2 - [g 2 1 (g2)x j ,a l ] + [di,g 2 1 ( J g 2 ] + [g 2 1 £ i g 2 ,a J ] = 0, , , 

(0),, • o. 1 ; 



3. G m , n -systems 

In this section, we assume 

U/K = G m , n = 0(m + n)/(0(m) x 0(n)) with m>n. 

We write down the (j m n -systems I and II explicitly. 

Let U = o(m + n), and a : U — > U be the involution defined by a{X) 
I-] n XI min , where 

X. A 







Let JC and "P denote the +1 and —1 eigenspaces of a respectively. Then U = IC+V 
is a Cartan decomposition of U/K, where 



JC = o{m) x o(n) 



*i 

o y 2 



Yi G o(m), Y 2 e o(n) 



£gM 



mXn 
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Here M. m xn is the set ofmxn matrices. Note that 



A 



—D 
D t 



D = (dij) e Mmxn, dij = if % ^ j 



is a maximal abelian subalgebra in V and 



VnA L = 

Let 









£ = (Cij) G Mmxn, £ii = for 1 < i < n 



o -A 

-D* 



where Di £ -M mX n is the matrix all whose entries are zero except the ii-th entry 
is equal to 1. Then a±, . . . , a n form a basis of A. The U j 'if-system (1.1) for this 
symmetric space is the following PDE for £ = (£jj) : i? n — > M. m xn with £jj = 
for all 1 < % < n: 

r ac, - - ^ + c- = [A?* - m, D 3 e - ■< / j. 

Its Lax connection (2.3) is 

-E{*U tO + (^o fA< -WW)}*- < 3 - 2) 

Next we write down the G TO;n -system I and II explicitly. Let 

e 0(m) x 0(n) 



A 
B 



be a solution of 



i=l ^ 





-e* A + 



da;,- 



Let 



Write 



/ A 0\ // 

/ ' 92 = 5 
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where F,d G gl(n), G G -M (m _ n ) Xn , A x G M m xn, and A 2 G -M mX (m-n)- 
Then 

_i / -AiCA 

= vc^i o J- 

Let 

^mxn = {^1 £ A^mxn | ^1^1 = /}, 

#£(n)* = {(xy) G #Z(n) | x if = 0, 1 < i < n} 
The U/K-system I is the PDE for (A U F) : R n -> 7W^ Xn x #Z*(n) such 

that 

^ = ( CiA\\ -F t Ci+CjF J dXi (3 - 3) 
is flat for all A G C, i.e., 

(/yjxj + (/ji)^ + Efc /ifc/jfc = °> if i ^ J> ( 3 - 4 ) 

(/y)xfc = /ifc/fcjj if k are distinct, 

where A = (a^) and F = (/ij)- Note that equation (3.4) is the condition that 
the above 9 X is flat for A = 1. So we have 

3.1 Proposition. The following statements are equivalent for map (Ai, F) : 
R n ~+ M° mxn x gh(n): 

(i) (Ai, F) is a solution of the G m ^ n -system I (3.4). 

(ii) 9{ defined by (3.3) is hat for all A G C. 
(Hi) 9{ dehned by (3.3) is hat for A = 1. 

Note that if ^ for all 1 < j < n, then the first set of equations of (3.4) 
implies that F can be computed from the i-th row of A\ by fjk = (o>ij) Xk / a ik- 

Next we explain the reality conditions. Recall that a symmetric space U/K 
is determined by a conjugate linear Lie algebra involution r and a complex linear 
Lie algebra involution a on the complexified Lie algebra Uq =U ® C such that 

(i) t and a commute, 

(ii) U is the fixed point set of r, and K, and V are the +1,-1 eigenspaces of a 
on U respectively, and U = JC + V is the Cartan decomposition. 

We still use r and a to denote the corresponding involutions on the group Uc- 
A map g : C — > Uq (g '■ C — > Uq respectively) is said to satisfy the U/ Ir- 
reality condition if 

r(g(X))=g(X), a(g(-X)) = g(X). (3.5) 



A direct computation gives 
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3.2 Proposition. 

(i) If A(X) = ^ Ji A i X l '■ C ~~ satisfies the U/K-reality condition, then 
Ai G JC if i is even and is in V if i is odd. 

(ii) The Lax pair 9\ defined by (2.3) for the U / 'K -system (1.1) satisfies the 
U/K-reality condition. 

3.3 Definition. A frame for a solution v of the U / K-system (I, II respec- 
tively) is a trivialization of the corresponding Lax connection 9\ (0{,6^ respec- 
tively) that satisfies the U/K-reality condition. 

3.4 Remark. 

(i) If g : C — > Uc satisfies the U/K-reality condition, then g(0) G K. 

(ii) If E(x, X) is the trivialization of 6\ defined by (2.3) such that -E^O, A) satisfies 
the U/K- reality condition, then E also satisfies the U/K- reality condition. 

Let p G 0(m) be a constant matrix. The gauge transform of 8 T X by g = 
(p (f 



/ 



is 



-pA^X \ 

9 A ~ V c \ A \v^ ~F t C l + ClF ) ' 

which is flat for all A G C. Note that the coefficient of A in g * 6\ lies in V, the 
constant term lies in /C, and 

( P A 1 ) t (pA 1 ) = A\p l pA x = A\Ai = L 

So it follows from Proposition 3.1 that 

3.5 Corollary. Let (A\, F) be a solution of the G m ,n-system I (3.4), and p G 
0(m) a constant matrix. Then (pAi, F) is also a solution of (3.4). Moreover, if 
E 1 is a frame for (A\, F), then E T p~ x is a frame for (pAi, F). 

3.6 Proposition. 

(i) Suppose £ = (^Q^j JS a solution °f the G mjn -system (3.1), 9\ the corre- 
sponding Lax connection, and 9 = (^q ' ^ ~^ O(m) x 0(n) satisfies 

g~ 1 dg = 6q. Write A = (A 1 ,A 2 ) with A 1 G M m xn- Then (Ai,F) is a 
solution of the G m}n -system I (3.4). 

(ii) Conversely, if (A\,F) is a solution of the G m ,n-system I (3.4), then there 



exists an 



( F\ 

M ( m _ n ) Xn - valued map G such that £ — I ^ I is a solution of (3.1). 



PROOF. 

(i) follows from the definition of the U / K-system I. 



17 

(A 1 \ 

(ii) Choose A 2 so that A = (A 1 ,A 2 ) G O(m). Let # = ( g j )■ Tnen 
the gauge transformation of g on (9^ is 

9*0[ = g9{g- 1 -dgg- 1 

( /0 -CA /^(^ik AHA 2 )^ \>| 

= £ A + [Al (A 1 ) Xz A\ (A 2 ) Xi \ dx t . 

i { \d / V -F'a + CiFj) 

Although this does not have the same shape as the Lax pair 9\ of the G m ^ n - 
system, we show below that it can be gauged to one. From (3.4), we have 

dA 1 = A 1 Y,( C i Ft ~ F d)dxi + CJ2 CidXi ( 3 - 6 ) 
for some ( : R n — > M m xn- Thus 

A\dA\ = AlC °i dx i- ( 3 - 7 ) 

Since A~ x dA is flat and 

A -i c]A _(A\dA x A\dA 2 \ 
A dA ~\A^dA 1 A\dA 2 J ' 

we have 

dA\ A dA 2 + A\dA\ A A\dA 2 + A\dA 2 A A 2 dA 2 = 0. (3.8) 

By (3.7), A[dA 2 = (dA^AiY = -(A^dA^ = - Y J C l C, t A 2 dx i . So it follows 
from (3.8) that A 2 dA 2 is flat, and hence there exists h : R n — > 0(m — n) such 

/ 

that h~ 1 dh = A 2 dA 2 . Thus if we do a gauge transform by h = h on 



.0 I 



g * T X: the resulting connection 1-form is 



h * (g * 0{) = 

( /0 -d\ (A\{A X ) X% -CifAzh* 
{ A + hAKQ \\dxi 

{ \a / V -F t C i + CiF , 1 



Set 



G = -hAl(. 



From (3.6), we have A[(A 1 ) Xi - {C l F t -FC i ) = YC t: where Y = A\(. Since the 
left-hand side is skew-symmetric, so is YCi. But YCi = —C{Y for all 1 < % < n 
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implies that Y = 0. It follows that h * (g * 6{) is the 6\ defined by (3.2) with 
£ = ( ^ ) . In other words, £ is a solution of (3.1). ■ 




The G m)n -system II is the PDE for 



(F,G,B) : R n -> gh(n) x A4 (m _ n)xn x 0(n) 



such that 



«f = E 



i=l 



n 



FCi + dF* C t G 
-GCi 
Bd\ 








dx{ 



(3.9) 



is flat for all A G C, i.e., 



I 




0, 



if Mi, 




(3.10) 



As a consequence of Proposition 2.5 we get 

3.7 Proposition. Given (F,G,B) : R n — > gl*{ri) x .A/f ( m _ n ) Xn x 0(n), the 
following statements are equivalent: 

(i) (F, G, B) is a solution of the G mjn -system II (3.10). 

(ii) 0f defined by (3.9) is flat for all A G C, 
0f defined by (3.9) is Bat for A = 1. 



If bji 7^ for all 1 < % < n, then the third equation of (3.10) implies that 
fki = (bji)x k /bjk if k 7^ z. In other words, generically system (3.10) depends 
only on B and G. 

3.8 Corollary. If (F, G, B) is a solution of the G m ^ n -system II (3.10) and C G 
0(n) a constant matrix, then (F, G, CB) is also a solution of (3.10). Moreover, 
ifE 11 is a frame for (F, G, B), then ^C" 1 is a frame for (F, G, CB). 

Let U/K = G m ^ n+ i with m > n + 1. The rank of U/K is n + 1. So the 
corresponding [//if-system has (n + 1) independent variables. Below we consider 
a partial U / 'if-system of n- variables. Let (mi, m-2, m.3, 1714) = (n, m — n, n, 1). 



Note that if i? is a frame for w 
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We partition a matrix A in o(m + n + 1) into 4x4 blocks A = (Aij), where 



Aij G M-nriiXmy Let 



a; 



/ -d 0\ 



a 

V 0/ 



, where Ci = diag(0, . . . , 1, . . . , 0) as before. 



Then the space A spanned by a\, • • ■ , a n is an n-dimensional abelian subspace of 
V . Let /C_4 and Z//4 denote the centralizer of A in fC and W respectively. Then 
V fl Wj[ is the space of elements of the form 



v 



( 










b \ 










G 







-F* 


-G 1 








\ 


-tf 








oy 



/ -Ci 0\ 











dxi 






c, 






V oj 








/-FCi + CtF* dG 1 





\ 


-GC t 

















-F'd + C t F 


Cib 


V 





-VCi 


/ 



where, F G 6 G -M n xi, C G A4 (m _ n)xn . 

The partial G m , n +i-system is the PDE for (F,G,b) : R r 

M( m -n)xn X M nX l SUch that 



i 

is flat for all A G C, i.e., 

' (fij)xi + (fji)xj + Efc fkifkj + Efc 9ki9kj = 0, if % ^ j, 

(/ij)x fc = /ifc/fcj, if k distinct, 

(9ij)x k = Qikfkj, _ if ^ j, 

(/ijOxj + (/ji)x( + Efc /ifc/jfc + hbj = 0, if i ^ j, 

, (bi)xj = fijbj- 

The partial (j m ,n+i- system I is the PDE for maps 

(Ai,F,6) : iT ^M^xn x ^*(n) x 7W nXl 

such that 

/ -AiC^A \ 

i = S c ^i A + CiF Cib dXi 

i V -6*Ci / 



#Z(n)* x 



(3.11) 



(3.12) 



(3.13) 
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is flat for all A G C, i.e., 

(fij)xj + {fji)xi + Efc=i fikfjk + hbj = 0, j, 
(fij)x k = fikfkj, i,j,k distinct, , g ^ 

{O'ki^jxj fijO'kji i 7^ j- 

By Proposition 2.5 we have 

3.9 Proposition. Given a map (Ai,F,b) : R n — > -M^ Xn x gl*{n) x A4 n xi> 
the following statements are equivalent: 

(i) (A\, F, b) is a solution of the partial G mjn +i-system I (3.14), 

(ii) S{ defined by (3.13) is flat for all A G C, 
(in) @{ defined by (3.13) is flat for A = 1. 



4 - G^-Systems 

In this section, we assume m > n + 1 and 

U/K = G^ n = 0(m + n, l)/(0(m) x 0(n, 1)). 

We write down the G^ n -system I and II explicitly. 

Let U = o(m + n, 1) = {X G gl(m + n + 1) | X*I m+n)1 + I m+n ,iX = 0} 
and a : U —> U be an involution defined by cr(X) = /~ 1 n _ | _ 1 X/ m n _|_i, where 







Let /C and V denote the +1 and —1 eigenspaces of a 



respectively. Then the Cartan decomposition is U = IC + V, where 



K = o(m) x o(n, 1) 

I) 



Y 1 
Y 2 



Y 1 G o(m),Y 2 G o(n, 1) 



mx (n+1) 



Here Ai mX n is the set ofmxn matrices and J = I n ,\ = diag(l, 
is easy to see that 



,1, 



-1). It 



A 







-DJ 




D = (dij) G M m x(n+i), dij = if j 



is a maximal abelian subalgebra in V . Let 



a* = 







-DiJ 
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where D{ G M m x(n+i) is the matrix all whose entries are zero except that 
the (i, i)-th entry is equal to 1. Then a± , . . . , a n _|_i form a basis of .A. The 
£//-f£T-system (1.1) for this symmetric space is the PDE for £ = (£ij) : -R n+1 — > 
-M mX (n+i) with = for all 1 < % < n + 1 such that 

is a family of flat connections on R n+1 for all A G C, i.e., 

" ZxM - DA 1 ,, + £ Xi D) = [D£ - m, Dj? ~ i / j. 

DU Xj - J^DiJ - D)i Xi + J&DjJ (4.2) 
= [DjC - JtDtJ, D)£ - JeDjJ}. i + j. 

Let 



gl(n + 1)* = {(xij) G gl(n + 1) | xu = 0, 1 < % < n + 1} . 

The G^-system I is the PDE for (A 1 ,F) : R n+1 -> A4j,x(n+i) x + *) 

such that 

n 

-A x CiJ\ 
\\ -JF t C t J + C t F 



n ( 



ete; (4.3) 



is a flat connection on R n+1 for all A G C, i.e., 

f -(Ai)^CiJ + (A{) Xi CjJ = -A x CiJr)j + AxCjJrn, 
\ (Vi) Xj ~ (Vj)xi = h,Vj], (4.4) 
where ^ = -JF t C t J + dF. 

Next we write down the U / if-system II. Write 

Then the G^-system II is the PDE for (F,G,B) : i? n+1 -> gh(n + 1) x 
A4( m _ n _ 1)x ( n+1 ) x 0(n, 1) such that 

n+i / + CiF* C l G t -C l B t J\ \ 

0? = ^ da* (4.5) 

i=i V SCiA / 

is flat for all A G C, i.e., 

(fij)xi + (fji)x 3 ■ + X^ii /fci/fcj + YJk=i 1 9kigkj = o, if i^j, 

(fij)x k = fikfkj, if i, j, k are distinct, , 4 Q , 

(&ii)x fc = Aj&ifc, if 3 k > 

(9ij)x k = fkj9ik, if j fe- 

lt follows from Proposition 2.5 that 
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4.1 Proposition. The following statements are equivalent for maps (F, G, B) : 
R n+1 -> gh(n + 1) x 7W (m _ n _ 1)x(n+1) x 0(n, 1) : 

(i) It is a solution of the G^^-system II (4.6). 

(ii) O 1 ^ defined by (4.5) is a Hat connection on R n+1 for all A £ C, 
(in) defined by (4.5) is flat for A = 1. 

Next we write down the partial G x m n -systems of n variables. Let (mi, m-2, 
m3, m-4) = (n,m — n, n, 1). We partition a matrix A in o(m + n, 1) into 4x4 
blocks A = (Aij), where A^ £ A4 miXmr Let 



/ 



Ci 

V 



-a 



0/ 








where Cj = diag(0, . . . , 1, . . . , 0) as before. 



Then the space A spanned by ai, • • • , a n is an n-dimensional abelian subspace 
of V (it is not a maximal one). Let /C_4 and denote the centralizer of A in /C 
and W respectively. Then "P fl Uj{ is the space of elements of the form 



v = 



( 



\ 






-F l 






-G 1 




F b\ 
G 


0/ 



where, F £ #/(n)*, 6 £ M nX i, and G £ A4 (m _ n)xn . 

The partial G x m n -system is the system for (F, G, b) such that 



dxi 



/0 0\ 


c l 

V 0/ 

/-FCi + dF* C l G t 
-GCi 


V 



\ 



-F'Ci + dF db 

tfd / 



(4.7) 



is flat for all A £ C, i.e. 



(fij)xi + {fji)xj + Sfc fkifkj + X^fc 9kiQkj 
{fij)x k fikfkji 
{9ij)xk Qikfkji 

(fij)xj + (fji)xi + J2k fikfjk ~ bibj = 0, 

^ (pi)xj = fijbji 



= 0, if^j, 

if i,j,k distinct, 
if j^k, 
if i ± h 
if i + 3- 



(4.8) 
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The partial G^ n -system I is the PDE for (A u F,b) : R n -> p/(n)* x 
A4 (m _ n)xn x A4 nx i such that 

/ -AiCiX \ 

r A J = V CiA\\ -F*Ci + C t F Qb dx { (4.9) 
i V 6*C, / 

is flat for all A G C. It follows from Proposition 2.5 that 

4.2 Proposition. The following statements are equivalent for maps (Ai, F, b) : 
R n -> A4°, Xn x #Z*(n) x A4 nx i: 

(i) It is a solution of the partial G^^-system I: 

(fij)xj + (fji)xi + ELi fikfjk ~ bibj = 0, i ^ j, 
{fij)x k = fikfkj, k distinct, ^ _ 

= fijbj, i±h 

iflki)xj — fijQ>kj-> i 7^ 3- 

(ii) t{ defined by (4.9) is a Sat connection on R n for all A G C . 
(ii) t{ defined by (4.9) is a flat connection on R n for A = 1. 



5. Moving frame method for submanifolds 

In this section, we review some elementary theory of submanifolds in Eu- 
clidean space (cf. Chapter 2 of [PT]). The basic local invariants of submanifolds 
in R N are the first, second fundamental forms and the induced normal connec- 
tion. These invariants satisfy the Gauss, Codazzi and Ricci equations. If we use 
the method of moving frames, then these equations arise as the condition for 
a o(iV)-valued 1-form to be flat. Natural geometric conditions on submanifolds 
in R N often lead to interesting PDE. If in addition these submanifolds come in 
a family that depends holomorphically on a parameter, then the corresponding 
PDE has a Lax connection. Therefore we can use techniques from soliton theory 
to study these submanifolds. 

Let X : M n — > _R n + m be an immersed submanifold. Henceforth we agree 
on the following index conventions unless otherwise stated: 

1 < i,j,k < n, n + 1 < a, f3, 7 < n + m, 1 < A, B, C < n + m. 

Let ca be a local orthonormal frame on M such that e a are normal field, and 



F (ci, , e n _|_ m ), 
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i.e., the A-th column of E is ca- Thus E G 0(m + n). Let U{ be the local 
orthonormal frame of T* M dual to e,-. Then 



o>,;e ? ; 



and the first fundamental form is 



Set u^b = (e^, rfes), where (, ) is the inner product on R n + m ^ or equivalently, 

den = y^^ABeA = - y^^BAeA- 

A A 

Write this in matrix form to get 

dE = E(u;ab): 

i.e., 

(u AB ) = E~ x dE. 

In other words, (u>ab) is a flat o(n + m)-valued 1-form on M, and ujab satisfies 
the Maurer-Cartan equation: 

du A B = AC AW C B. (5.1) 

c 

The structure equation is 

du>i = — '^^uJij A uij, u>ij + ojji = 0. (5-2) 



Here (oJij) is the Levi-Civita connection 1-form for the induced metric /, and it 
can be computed in terms of u>i, ■ • ■ , ui n by solving the structure equation (5.2). 
The second fundamental form of M is 



Given £ G v(M) x , the shape operator is the self-adjoint operator defined by 
< //,£>, i.e., 

< II(v 1 ,v 2 ),£ >=< Az(vi),V2 > ■ 
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The eigenvalues and eigendirections of are the principal curvatures and prin- 
cipal directions of M with respect to £ respectively. 

The induced connection V 1 " on the normal bundle v(M) is defined by 

v x £ = (dC) ± 

for any normal field where (c^) 1- is the normal component of In particular, 

V ± e a = -^uj a pep. 

(3 

The normal curvature is 

7 

Equation (5.1) gives the fundamental equations for M: The ij-th entry gives 
the Gauss equation 

duJij = - ^Wifc A Ukj - '^2 UJia A u <*v 

* ° (5-3) 

= — 2^ Wife A Wfcj + fiij, 
k 

where Vtij = Ui a Aw JQ is the Riemann curvature tensor of I. The ia-th entry 
gives the Codazzi equations 

du ia = - ^ LOij A LO ja — U)0 A UJp a , (5.4) 

and the a/3-th entry gives the Ricci's equations: 



5.1 Fundamental Theorem of Submanifolds in Euclidean space. Let 

(M, g) be an n-dimensional Riemannian manifold, £ a rank m orthogonal vec- 
tor bundle over M, Vo an 0(m) -connection on £, and 6 a smooth section of 
S 2 (T*M) <g> £. If (7,6 and Vo satisfy the Gauss-Codazzi-Ricci equations, then 
there exist a local isometric immersion of M into R n + m and a bundle isomor- 
phism between £ and v{M) such that g, b and Vo are the first, second fundamen- 
tal forms and induced normal connection respectively. This immersion is unique 
up to rigid motions. 
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A normal vector field rj is parallel if V rj = 0. The normal bundle v(M) is 
/?a£ if the induced normal connection V -1 is flat, i.e., 

0^3 = da; a/ 3 + a; a7 A a; 7/3 = 0. (5.5) 

7 

If v(M) is flat, then it follows from (5.5) that there exists a local parallel normal 
frame. So we may assume that (e n+ i, • • • , e n+m ) is parallel, i.e., 

u a p = 0. 

Then the Ricci equation is 

= du aj3 = tOia A Wi/j. (5.6) 

i 

In particular, this implies that [A Ga , A e/3 ] = for all a, (3. Hence the family 
{A v | v G 2^(M) p } of shape operators of M at p is a family of commuting self- 
adjoint operators on TM p , and generically there is a smooth common eigenframe. 

Henceforth, we assume that u(M) is flat, and e a is parallel, i.e., u^p = 0. 
So equation (5.4) becomes 

duj ia = - ^2u>ij A u> ja , u>ij + u>ji = 0. (5.7) 
j 

Next we recall the well-known Cartan Lemma. 

5.2 Cartan Lemma. If 7~i, • • • , r n are linearly independent 1-forms on an n- 
dimensional manifold, then there exists a unique o(n)-valued 1-form (r^) such 
that 

n 

dn = - ^2 T ij A r i> T ij +Tji = 0, 1 < i < n. (5.8) 

A direct computation gives 

5.3 Corollary. If Tj = bidxi, then the solution (r^) for system (5.8) is given 
by 

T{j — -dxi — dxj. 
Oj Oi 
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5.4 Definition. Let M n be a submanifold in a Riemannian manifold j\T n+m . 
The normal bundle u(M) is called non- degenerate if the space of shape operators 
{A v 1 1> G v(M) p } has dimension n for all p G M. 

When M is a surface in i? 3 , it is well-known that if p G M is not umbilic 
then there exist a local coordinates x±, X2 such that are eigenvectors for 

the shape operator A e3 . In other words, the two fundamental forms are of the 
form 

/ = a\dx\ + a\dx\, II = b\dx\ + b2dx\ 

for some functions aj,&j. Such coordinates are called line of curvature coordi- 
nates. We generalize this notion to submanifolds below. 

5.5 Definition. Let M be an n-dimensional submanifold of R m with flat 
normal bundle, and {e a } = {e n _|_i, • • • , e m } a local orthonormal parallel normal 
frame. Local coordinates called line of curvature coordinates with 
respect to {e a } if {g§-} is a common orthogonal eigenbasis for the shape opera- 
tors A v for all v G v(M), or equivalently, if the two fundamental forms of M are 
of the form 

n 
i=l 

n,m — n 

II = b ji dx l e n+j 
i=l,j=l 

for some smooth functions dj and bij. If in addition af + • • • + = 1 (a\ H h 

o^n-i ~ a n = resp.), then xi,---,x n are called spherical (hyperbolic resp.) 
line of curvature coordinates . 

Let M be a submanifold of R n+m with flat normal bundle. Although gener- 
ically there exist orthonormal tangent frame that are common eigenbasis for 
all shape operators, we can not always find coordinates x±, ■ ■ ■ , x n so that 

is parallel to for all i. However, n-dimensional submanifolds in R 2n ~ x with 
constant sectional curvature are known to have flat and non-degenerate normal 
bundle, and admit spherical line of curvature coordinates (cf. [Ca], [M]). 



6. Submanifolds associated to G m >n -systems 

In this section, we describe submanifolds associated to the G mjn -systems I 
and II. 

Recall that the Lax connection of the G m , n - system I (3.4) is 6 J X defined by 
(3.3). Let 6ij denote the zfth entry of 9[ (i.e.,' 6{ at A = 1). Then 

{0, if 1 < i,j < m, 
a^i-mdxi-m, if m + 1 < % < m + n, 1 < j < m, 
J j — m,i — mdx j — m ~\~ fi—mJ — mdXi—m, if TTl -\- 1 ^ % , j ^ Tfl -\- Tl . 
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Set 

u>i 6 m -\-i^\ <i\idxi : LOij ' m _|_j )m _|_j fjidxj -\- fijdxi : if 1 ^ i,j ' ^ tt., 

a; n+i , n +j = % = 0, if l<i,j<m, 

LOi, n +j = m +i,j = ajidxi, if 1 < % < n, 1 < j < m. 

Since 9[ = (6ij) is fiat, we have 

duji = d9 m +i,i 

m n 
= - ^2 A 9ji - ^2 0m+i,m+j A 6 m +j,l 

3=1 3=1 



n 



- ^2 0rn+i,m+j A m+jjl — - ^ U^j A 

i=i i=i 



If X^ILi w i * s non-degenerate, then (wij) is the Levi-Civita connection 1-form 
for the metric YTi^^l- Let E be a trivialization of 9[, i.e., E~ x dE = 9[. 
Let e n _|_i denote the i-th column of E for 1 < % < m, and let denote the 
(m + i)-th column of E, i.e., E = (e n+ i, • • • , e n _|_ m , ei, • • • , e n ). It follows from 
dE = E6[ that e n+ i is an n-dimensional submanifold in S n+m ~ 1 C R n+m 
such that e n +i, e n +2, • • • , e n +m is a parallel normal frame and (x±, • • • , x n ) is a 
spherical line of curvature coordinates such that the two fundamental forms are 

n n,m+n 

I — ^ ] Qj-yjdx^ , iJ — ^ ^ Q>liQ>a — n,idx ^6 a . 
i=l i=l J a=n+l 

We state this and the converse in the Theorem below. 

6.1 Theorem. (Flat n-submanifolds in S m+n ~ 1 ). Let X be a local isometric 
immersion of flat n-dimensional submanifold in ) S' n + m_1 with flat, non-degenerate 
normal bundle, and m > n. Let e n +\ = X , and fix a local parallel normal frame 
e n+2 , - ■ ■ ,e n+m . Then: 

(i) There exist spherical line of curvature coordinates (x±, x n ) and a smooth 
Airnxn-vahred map A\ such that A\A\ = I and the first and second funda- 
mental forms of X are given by 

n n m 

1 = ^2 a ii dx h II = ^2^2 a u a jt dx 2 t e n+j . (6.1) 

i=l i=l j=2 

(ii) Let fij = (aii) Xj /oij for i ^ j, f u = for all 1 < i,j < n, and F = (fa) <E 
gl*(n). Then the Gauss, Codazzi and Ricci equations for the immersion X 
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is the Gm^n-system I (3.4) for (A\, F). In other words, (Ai,F) is a solution 
of (3.4). 

(in) Let = ^-X Xi , g = (e n+1 , • • • , e m+n , ei, ■ ■ ■ , e n ) G 0(m + n). Then 

i v 7 

which is equal to the Lax connection (3.3) Q 1 ^ of equation (3.4) at A = 1. 
(iv) Conversely, if (A\,F) is a solution of (3.4), then system (6.2) is solvable. 
Let g be a solution of (6.2), and X the first column g. If all entries of the first 
row of A\ are non-zero, then X is an isometric immersion of flat n-submanifolds 
in S n+m ~ 1 with flat and non-degenerate normal bundle such that the two fun- 
damental forms are as in (i), where A\ = (a^). 

PROOF. 

(i) can be proved the same way as for isometric immersions of n-submanifolds 
in R 2n ~ x with constant sectional curvature —1 (cf. [Ca], [M]). 
From (i), we have 

Ui = andxi, u)i yTl+ j = cijidxi, u a p = 0. 

By Corollary 5.3, we get u>ij = fijdxi — fjidxj. So g~ x dg = (loab), and (ii), (iii) 
follow. 

(iv) follows from the Fundamental Theorem of submanifolds in Euclidean 
space. ■ 



When m = n, the above theorem was proved by Tenenblat in [Ten], where 
equation (3.4) is called the generalized wave equation. 

If we use a different parallel frame e n _|_2, ' • ' , &n+m for the immersion X in 
the above Theorem, then there exists a constant matrix p = (pij) G 0(m — 1) 
such that e n +i = Y^j=2Pii e n+j for 2 < i < m. The solution of (3.4) given by X 

and parallel frame e a is (pAi, F), where P = (^q an d V = (Pij)- 

Suppose (A,F) is a solution of (3.4), and p G 0(m). By Corollary 3.5, 
(pA, F) is also a solution of (3.4). As a consequence of Theorem 6.1 (iv), we get 

6.2 Corollary. Let X, e n+ 2, • • • , e n+m , and (Ai,F) be as in Theorem 6.1, and 
c = (ci, ■ ■ ■ ,c m ) a unit vector. If all components of cA\ never vanish, then 
Y = c\X + C2e n +2 H — • + c m e n + m is again an immersion of a Hat n-submanifold 
in S n+rn ~ 1 with flat and non-degenerate normal bundle. 

6.3 Theorem. (Flat n-submanifolds in R n+m ). Let n < m, and X a local 
isometric immersion of flat n-dimensional submanifold in R m + n with flat and 
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non-degenerate normal bundle. Fix a local parallel normal frame e n +i, • • • , e n + m . 
Then: 

(i) There exist a line of curvature coordinates (xi, ...,x n ), a smooth Ai m xn- 
valued map A\ = (ciij) and a smooth M. nX i-valued map b = (&i, ...,b n ) 
such that A\Ai = I and the first and second fundamental forms of X are 
given by 

n m 

I = ^2 b\dx\, II = ^2 ^2 b i a ji dx l e n+j- (6.3) 

i i=l j=l 

(ii) Let fij = (bi) Xj /bj for i ^ jj u = 0, and F = (fa). Then (A U F) is a 
solution of the G mjn -system I (3.4). Moreover, if 

t>i 

then 

-i , _ ( -A x Ci \ 

9 d 9~ C l A\ -F*Ci + CiF ) dXh 

which is the Lax connection 6^ defined by (3.3) for equation (3.4) at A = 1. 
(in) Conversely if (A\, F) is a solution of (3.4) and &i, • • • , b n satisfy 

{bi) X j = fijbj, l<i^j<n, (6.4) 

then there exists a local isometric immersion of R n in R n + m such that the 
two fundamental forms are given by (6.3), where A\ = (a^) and F = (fij). 
(iv) X lies in a hypersphere of radius 1 if and only if b = vA\ for some constant 
unit vector v G Aiixm- 



PROOF. Statements (i), (ii) and (iii) follows from an argument similar to 
those for Theorem 6.1. To prove (iv), we assume \\X — Xo\\ = 1 for some constant 
vector Xq. Then X — Xq is a parallel normal field, which implies that there exists 
constant unit vector v = (v\, • • • , v m ) such that X — X = J2i ^i^n+i- Hence 

d(X - X ) = dX = ^2vide n+i = ^ ViU} jtn+i ej = ^ r,a .jd.rjc j. 

i i i 

But dX = J2j bjdxjej. So b = vA\. The converse can be proved by reversing 
the argument. ■ 



6.4 Remark. System (6.4) was studied by Darboux [Da]. It can be solved if 
and only if 

(fij)x k = fikfkj, k distinct. (6.5) 



31 



This condition is obtained by equating (bi) XjXk = (bi) XkXj : 

(bi)xjX k = (fijbj)x k = (fij)x k bj + fijfjkbk 
= {fikbk)x 3 = (fik)xjbk + fikfkjbj. 

Moreover, the space of solutions of (6.4) depends on n arbitrary smooth functions 
of one variable. In fact, if £(t) = (£,i(t), ■ ■ ■ , £, n (t)) is a curve from (— e, e) to R n 
such that ^[(t) never vanishes for all 1 < i < n, then given any smooth maps 
b\, ■ ■ ■ , b^ : (— e, e) — > R there exists a unique solution (&i, • • • , b n ) of (6.4) such 
that 6j (£(£)) = b®(t). The compatibility condition (6.5) is the third equation of 
(3.4). So b n ) in Theorem 6.3 (iii) always exists. 

We can use a proof similar to that of the previous theorem to deduce: 

6.5 Theorem. (Local isometric immersion of S n in S n+m ). Suppose X is a 
local isometric immersion of S n in S n+m with Eat and non-degenerate normal 
bundle, and {e a } is a parallel normal frame. Then: 

(i) There exist a local coordinate system (x±, . . . , x n ), a smooth Ai ( ^ lXn -valued 
map A\ = (ciij) and a smooth M. nX i-valued map b = (b\, ■ ■ ■ ,6 n )* such 
that the two fundamental forms of X are given by 

n,m 

I=^2tfdx^, 11= ^2 ajibidxje n+j . (6.6) 
i i=ij=i 

(ii) Let fij = (bi) Xj /bj if i ^ j, fa = for all 1 < % < n, and F = (fa). Then 
(Ai, F, b) is a solution of the partial G mjn+ i-system I (3.14). 

(iii) Let a = ^X Xi , and g = (e n+1 , ■■■ , e n+m , e x , ■ • • , e n , X). Then 

( -A x Ci \ 

g-Hg = CiA\ -F*Ci + C t F C,b dx u (6.7) 

i \ o -b'a o / 

which is the Lax connection @\ defined in (3.13) for system (3.14) at A = 1. 

(iv) If (Ai,F,b) is a solution of (3.14), then system (6.7) is solvable. Let g be 
a solution of (6.7), and let X denote the last column of g. Then X is a local 
isometric immersion of S n in S n+m . 



Next we study submanifolds associated to the G mjn - system II (3.10). We 
will show that each solution of (3.10) gives rise to an 0(n)-family of submanifolds 
with common line of curvature coordinates. In order to simplify the notation, we 
make the following definition: 
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6.6 Definition. Let m > n, O a domain in R n , and Xi : O — > i? m an immer- 
sion with flat and non-degenerate normal bundle for 1 < % < n. (Xi, ■ ■ ■ , X n ) is 
called a n-tuple in R m of type 0(n) (0(n — 1, 1) resp.) if 

(i) the normal plane of Xi(x) is parallel to the normal plane of Xj(x) for all 

1 < h J < n an d x G 0, 

(ii) there exists a common parallel normal frame {e a }™ =n+1 , 

(iii) a; G O is a spherical (hyperbolic resp.) line of curvature coordinate system 
(cf. Definition 5.5) with respect to e a for each Xi such that the fundamental 
forms for Xj are 

n 
i=l 

n,m—n V ' / 

Hj = ^2 b ji9kidxfe n+k 

i=l,fe=l 

for some 0(n)-valued ((0(n — 1, 1)- resp.) map B = (pij) and a -M( m _ n ) Xn - 
valued map G = (gij). 

We note that an n-tuple in R m of type 0(n) or 0(n — 1,1) is an n-tuple 
of parametrized n-dimensional submanifolds in i? m and the parametrization is a 
spherical or hyperbolic line of curvature coordinates. 

6.7 Theorem. Let (Xi, • • • , X n ) be an n-tuple in R m of type 0(n), e n +i, • • •, 
e m common parallel normal frame, and {x\, ■ ■ ■ , x n ) a common spherical line of 
curvature coordinates for all Xj 's such that the two fundamental forms Ij, II j for 
Xj are given by (6.8). Set = (b lj ) x Jb li ifi ^ j, fu = 0, and F = (f tj ). If all 
entries of G are nonzero, then (F, G, B) is a solution of (3.10), the G m ^ n -system 
II. 

PROOF. It follows from the definition of n-tuples that 

to[ jS> = bjidxi, c4 j) = b j2 dx 2 , • • • , u^p = b jn dx n 

(i) (?) 
is a dual 1-frame for Xj, and wf^+k = gkidxi for each Xj. Note that <jj\n+k ls 

independent of j. By Corollary 5.3, the Levi-Civita connection 1-form for the 

metric Ij is 

= ~f^dx k + f^dx t , where /£> = ^ 



bji 



Since 



dJ?) = Tw (j) Aw (j) x1 

""•^n+fc / j M ir ' N ^r,n+k 



r=\ 

for 1 < k < m — n and g k i, • • • , Qkn are non-zero, Cartan's Lemma and Corollary 
5.3 imply that 

Aj) _ (9kr)xj 

J ir „ i 

9ki 
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which is independent of j. Hence 

Uij = "i? = -fijdxj + fjidxi. 

The structure equation, Gauss-Codazzi-Ricci equations for X\,---,X n imply 
that (F, G, B) is a solution of (3.10). ■ 

The converse is also true: 

6.8 Theorem, (n-tuples in R m of type 0(n)). Suppose (F,G,B) : R n -> 
gl*(n) x Ai( m -n)xn x 0(n) is a solution of the G m ^ n -system II (3.10). Let 

F = (f ij ), G = ( 9ij ), fi = (6 y ). 

Then: 
(i) 



T = 

i=l 



2-^ \ -Gd j 1 



is a Bat o(m)-valued connection 1-form. Hence there exists A : R n — > 0(m) 
such that 



A-HA = r = J2( ~ FC -Gc° tF °f ) dx - ^ 



(ii) Write A = (A 1 ,A 2 ) with A x G M mXn and A 2 G M mx{m - n ). Then 

n 

^A 1 C i B t dx % 

i=i 

is exact. So there exists a map X : R n — » Ai mXn such that 

n 

dX = -J2 A 1 C i B t dx i . (6.10) 

i=l 

(in) Suppose all the entries of B are non-zero. Let Xj : R n — > R m denote the 
j-th column of X (solution of (6.10)), and denote the i-th column of A. 
Then (Xi, ■ ■ ■ , X n ) is an n-tuple in R m of type 0(n). In fact, 

(1) ei, • • • , e n are tangent to Xj for all 1 < j < n; so the tangent planes of 
X\ , ■ ■ ■ , X n are parallel, 

(2) {e n _)_i, • • • , e m } is a parallel normal frame for each Xj, 

(3) the two fundamental forms for the immersion Xj are 

n 
i=l 

n,m — n (6.1 ) 

II j = ~ ^2 9kibjidx?e n+k . 
i=i,fe=i 



34 



PROOF. By Proposition 3.7, 0f defined by (3.9) is flat for all A G C. In 
particular, 



ft? = 



r 



v° °/ 

is flat. 

The gauge transformation of O 1 ^ by ^ ^ ^ ^ is 

/i 0\ .jj A/ -XAiCtB* 



* 



ji^A J -E( XBCiA\ 1 )' (6 - 12) 



which is flat for all A G C. It follows from Proposition 2.6 that X^?=i A\CiB t dxi 
is exact. This proves (ii). 

Equate the j-th column of equation (6.10) to get 



dXj = - ^^bjketdxk- 



k=i 

So Ij = J2k b 2 jkdx\. The rest of (iii) follows from the fact that A~ x dA = r. ■ 

6.9 Corollary. Let (Xi, ■ ■ ■ , X n ) be an n-tuple in R m of type 0(n), and p G 
0(m) and q G 0(n) constant matrices. Then p(Xi, • • • , X n )q is also an n-tuple 
inR m oftypeO(n). 

PROOF. We call a local orthonormal frame A = (ei, • • • , e m ) an adapted 
frame for the n-tuple (X±, • • • , X n ) of type 0(n) if e±, • ■ • , e n are common prin- 
cipal curvature directions and e n _|_i, • • • , e m are a common parallel normal frame 
for each Xj. By Theorem 6.7, there exist G and B such that (F, G, B) is a so- 
lution of system (3.10). A direct computation shows that Xq is an n-tuple with 
Aq as an adapted frame and the corresponding solution of (3.10) is the same 
(F,G,B). 

Note that if A is a solution of (6.9), then so is pA. By Theorem 6.8 (ii), pX 
is an n-tuple of type 0(n) in R m . ■ 

The immersion Xj in Theorem 6.8 can be obtained either by solving the 
system (6.10) using integration or by an analogue of Sym's formula (cf. [Sy]) 
below. 

6.10 Proposition. Suppose 6(x, A) = ai(x)X + cto(x) is a Rat Q-valued con- 
nection 1-form on x G R n , and E(x, A) is a trivialization of6(x, A), i.e., E~ 1 dE = 
9. Set 

r) F 

Y(x) = —(x,0)E- 1 (x,0). 
Then dY = E(x, 0)a 1 (x)E(x, 0) _1 . 
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PROOF. A direct computation gives 



A=0 



E(a:,0)ai(a:) J E(a:,0)" 1 



a rp 

-— (x,0)9(x,0)E(x, 0)" 1 

A=0 C ' A 



6.11 Corollary. Let E(x, A) be a frame for a solution £ of the G m ^ n -system 
(3.1), and 

dE 

Y(x) = —(x,0)E-\x,0). 

Then: 

(i) Y = ^ ^ ^ for some X £ M m xn- 

(ii) X = (Xi, ■ ■ ■ , X n ) is an n-tuple in R m of type 0(n). 

(in) dX = —AidB*, where S = diag(cfei, • • • , dx n ). In other words, X satisfies 
(6.10) 

PROOF. Since E satisfies the reality condition, E(x,0) <G 0(m) x 0(n). 
Write E(x : 0) = ^ A ^ ^ and set 

5 = diag(da;i, • • • ,dx n ), (3 = (j^j . 

It follows from Proposition 6.10 and the fact that the Lax connection of (3.1) is 
6(x, A) = ojqA + «i with 



/ —AiSB* \ 
ai ~ \B8A[ J ' 

that 

dy = s(».o)(» *(*.»)-' = (^5 "T')- 

So cLY = -Ai&B*, i.e., X solves (6.10). ■ 

We end this section by studying the Gm^-system II (3.10). 

6.12 Proposition. The G m ^system II (3.10) is the Gauss-Codazzi equations 
for a surface in R m that admits spherical line of curvature coordinates. 
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PROOF. Suppose M is a surface in R m , which admits a spherical line 
of curvature coordinate system (x±, X2) with respect to a parallel normal frame 
e 3) ' ' ' 7 e m- Then there exist a function u and a -M( m _2) X 2 -valued map G = (gtj) 
such that 

i" = cos 2 u dx\ + sin 2 u dx\, 

m — 2 

II = (gji cos u dx\ + gj2 sin w dx\)e2+j. 
j'=i 

The Gauss-Codazzi-Ricci equations are the following system for u,gji,gj2- 

. tr^m—2 n 
WiiH _ Wa; 2:C2 + 2^i=l ^1^2 — U, 

(9i2)x 1 = QilUxn ( 6 - 13 ) 
\9il)x 2 = ~gi2Ux 2 - 

Let 

„ / cosu sinu\ „ / u x , \ „ , N . N 
B= ( v -sinn cosuj' F= (-^ 2 J' = J ((U4) 

Then (F, G, B) is a solution of the G mj 2 system II (3.10). 

Conversely, if (F : G,B) is a solution of the G mj 2-system II (3.10), then 

we may assume B = I °° S U Sm U ) . If sin u cos u ^ 0, then by the third 

y — sin u cos u J 

equation of (3.10), we have /12 = u Xl and /21 = — u X2 , i.e., F = ( ^ W ^ ) . 

\ ~ u x 2 y 

Let denote the ij-th entry of G. Then system (3.10) is system (6.13). ■ 

6.13 Corollary. Let X\ : O — > i? m be an immersion and (x,y) G C tie 
spherical line of curvature coordinates with respect to a parallel normal frame 
e 3) ' " ' j e m- Then there exists an immersion surface X2 unique up to translation 
such that (Xi,X 2 ) is a 2-tuple in R m of type 0(2). Moreover, the fundamental 
forms of X\ , X2 are respectively given by 

m 

I\ = cos 2 udx\ + sin 2 udx\, II\ = ^^(<7ji cosucte 2 + gj2 sin u dx\)e2+ j, 

m — 2 

I2 = sin 2 udx\ + cos 2 wcte 2 , #2 = ( — S'j'i sinuctef + 5^2 cos it cte 2 )e2+j. 

(6.15) 

It follows from the Gauss equation (5.3) that 

Em— 2 
h h i=1 mm 

sin u cos u 

So we have 
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6.14 Corollary. Let O be an open subset ofR 2 , (X 1 ,X 2 ) : O -> i? m x R m 
a 2-tuple in R m of type 0(2), and (xi,x 2 ) £ O spherical line of curvature 
coordinates. Then 

K 2 (x) = -K 1 (x), 
where Ki, K 2 are respectively the Gaussian curvature of Xi,X 2 . 

6.15 Definition. If (Mi, M 2 ) is a 2-tuple in R m of type 0(2) (0(1, 1) resp.) 
with a parallel normal frame e^, ■ ■ • , e m and spherical line of curvature coordi- 
nates, then we call M 2 a C-dual of M\. Note that any two C-duals of M\ are 
differed by a translation. 

6.16 Example. Recall that given a surface M in i? 3 with curvature — 1, there 
exist spherical line of curvature coordinates X\, x 2 such that the two fundamental 
forms are 

/ = cos 2 u dx\ + sin 2 u dx\, 
II = sin u cos u (dx\ — dx 2 ), 

and u satisfies 

u XlXl - u X2X2 = sin u cos u. (SGE) 

This implies that (u, sinu, — cosu) is a solution of (6.13). Let X(x\, x 2 ) denote 
the immersion of M . Then (X, 63) is a 2-tuple in i? 3 of type 0(2), where is 
the unit normal of M, which is an open subset of S* 2 . 



7. Submanifolds associated to - systems 

In this section, we describe submanifolds whose fundamental equations are 
given by n -systems. 

Let R k,x denote the Lorentz space equipped with the non-degenerate bilinear 
form of index one: 

(a;, y)i = x\y\ + ... + x k y k - x k+1 y k +i. 

The moving frame computation for submanifolds in R kjl can be carried out in a 
similar way as for submanifolds in R k+1 except that the Levi-Civita connection 
1-form (u>ij) of the flat Lorentzian metric (, )i is o(k, l)-valued. 

Let H k denote the k-dimensional simply connected space form of sectional 
curvature -1 (i.e., a hyperbolic k-space). It is well-known that 

{x e R kA I (x, x)x = -1, x k+1 > 0} 

with the induced metric is isometric to H k . We need the following Proposition 
later, which can be proved using a direct computation (cf. Chap. 2 of [PT]). 
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7.1 Proposition. Let Vq G R ' be a constant non-zero vector, c G R a con- 
stant, and N VjC the hypersurface defined by 

N V0}C = {xeH k \ (x,v ) 1 = c}. 

Then N VjC is a totally umbilic hypersurface of H k with constant sectional curva- 
ture 

-(vq,Vq)i 
c 2 + (v ,v )i' 



We use methods similar to those in section 6 to find submanifolds whose 
fundamental equations are the various -systems. For the -system I, let 

(Oij) denote the connection 1-form 9 X defined by (4.3) at A = 1. Then (Oij) is a 
o(m + n, l)-valued 1-form and 

@m-\-i,m-\-j ^i^jfjidXj ~\~ fijdX{, 1 ^ 2, j ' ^ 71 ~\~ 1, 

Om+i,o. = daidxi, 1 < i < n + 1,1 < a < m, 

a( 3 = 0, l<a,/3<m, 



where ei = • • • = 


: €n = 


— Cn+1 — 1- 


Let 








C = 


" @m+i,m+j i 


1 < 


h j < n + 


1, 


1 


1 = 


- Vm-\-i,ai 


1 < 


i < n + 1, 


1 < a < m 




I : 


= #a/3, 


1 < 


a, /3 < m. 





Then the flatness of (Oij) is exactly the Gauss-Codazzi-Ricci equations for (n+1)- 
dimensional flat, Lorentzian submanifolds in ^ m + m > 1 . So we get 

7.2 Theorem. (Local isometric immersions of R™' 1 in i? m+n ' 1 y ). Let X be a 
local isometric immersion ofR* 1 ' 1 in R n + m ^ with flat and non-degenerate normal 
bundle. Fix a local parallel normal frame e n+ 2, • • • , e n+m+ i. Then: 

(i) There exist a line of curvature coordinates (xi, x n+ i) and a A / ( mX (n+i)- 
valued map A\ = (ciij) and a map b = (bi, ...,b n+ i) such that A\A\ = I 
and the first and second fundamental forms of X are given by 

n+1 n+1 m — n 

I = ^2 titfdx^, II =^2^2 bittjidx^en+j, (7.1) 

i=l i=l j=2 

where c\ = ■ ■ ■ = e n = — e n+ i = 1. 

(ii) Let fij = (bi) Xj /bj for i ^ j,fu = 0, and F = (fa). Then (Ai,F) is a 
solution of the n -system I (4.4). 

(in) Conversely, if (Ai, F) is a solution of (4.4) and b±, • ■ • , b n+ i satisfies (bi) Xj = 
fijbj for all i ^ j, then there exists a local isometric immersion of R™' 1 in R m + n ' 1 
such that the two fundamental forms are given by (7.1), where A\ = (ciij) and 
(A/)- 
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Next we consider the partial G x m n -system I of n variables, system (4.10). 
Let 6ij denote the ij-th entry of t[, defined by (4.9), at A = 1. So we have 

a f3 = 0, l<a,/3<m, 

^m+i,a = a ai dxi, I < i < n,l < a < m, 

6m+i,m+n+l = hdXi, 1 < Z < 71. 

Let 

= 0m+i,m+n+l, 1 < * < n, 

Vij = 6 m +i,m+j, if 1 < j < ^, 
Wi,n+j = 6> m+i j, if 1 < i < n, 1 < j < m, 
u n +i,n+j = Oij, ifl<i,j<m. 

Then system (4.10) (given by the flatness of r() is exactly the Gauss-Codazzi- 
Ricci equations for local isometric immersions of H n in H n+rn C R n + m ' 1 with 
flat and non-degenerate normal bundle. We summarize this below. 

7.3 Theorem. (Local isometric immersion of H n in H n+m ). Let X be a local 
isometric immersion of H n in H n+rn with flat and non-degenerate normal bundle, 
and {e a } a parallel normal frame. Then: 
(i) There exist a line of curvature coordinate system (x±, . . . , x n ), a Ai m xn- 
valued map A\ = (ciij) satisfying A\A\ = I, and a M. nX \-valued map 
b = b n Y such that the two fundamental forms of X are given by 



n,m—n 

I = ^2bjdXi, 11= ^2 ajibidxjen+j. (7.2) 

i i=i,j=i 

(ii) Let fij = (bi) x Jbj if i ^ j, fa = for all 1 < % < n, and F = (fy). Then 

(Ai, F, b) is a solution of the partial G^^-system (4.10). 
(in) Let e t = ^X Xi , and g = (e n+1 , • • • , e n+m , e u ■ ■ ■ , e n , X). Then 

( -A 1 C i \ 

g~ x dg = J2 CiA\ -F*Ci + C t F Qb dx h (7.3) 

i V o 6*a o / 

which is equal to the Lax connection t[ defined in (4.9) for system (4.10) at 
A = l. 

(iv) If (Ai,F,b) is a solution of (4.10), then system (7.3) is solvable. 

(v) Let g be a solution of (7.3). Then the last column of g is an isometric 
immersion of a constant sectional curvature — 1 submanifold of H n+m . 

(vi) M n lies in a totally umbilic hypersurface of H n+m if and only if there is 
a constant vector w G M. mX i such that b = A\w. Moreover, M n lies in a Bat 
totally umbilic hypersurface if and only if \\w\\ = 1. 
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PROOF. Statements (i)-(v) follows from standard submanifold theory. To 
prove (vi), note that every umbilic hypersurface of H n+m is the intersection of 
jjn+m a hyperplane (cf. [PT]), i.e., it is of the form 

N ViC = {xeH n+m \(x,v) 1 = c} 

for some constant v G R n + m ' 1 and c G R. By Proposition 7.1, N v>c has constant 
sectional curvature 

(v,v)i 
c 2 + (v, v)i' 

Suppose the image of X lies in N V)C . Then < dX, v >i= 0, which implies that v 
is normal to X. But v is constant, so v is a parallel normal vector field of M as 
a submanifold of i? n ~ l ~ m ' 1 . Hence 

m 

u = $^ v fc e »+fc + V m+\X (7.4) 
fc=l 

for some constants v\, ■ • ■ , v m+ i. It follows from (X, w)i = c and (X, X)i = — 1 
that v m+ i = —c. Differentiate (7.4) to get 



m 



cu>i = cbidxi = ^2v k u>i, n +k = ^2v k a ki dxi, 

k=l k=l 

SO 

cbi = ^2v k a ki . (7.5) 

Let v = (v±, ■ ■ ■ , VmY, and w = v/c. Then (7.5) implies that b = A\w. Since 
(v,v)i = || || 2 — c 2 , it follows from the formula for the sectional curvature that 
N VjC is flat if and only if (v, v)i = 0, i.e., || v \\ 2 = c 2 , or equivalently, || w \\ = 1. 



For m = n, the above theorem was proved by Terng in [Te2] . 

7.4 Theorem, ((n + 1) -tuples in R m of type 0(n, I)). Suppose m > n + 1, 
and 

(F, G, B) : R n+1 -> + 1) x X (m _ n _ 1)x(n+1) x 0(n, 1) 

is a solution of the G x m n -system II (4.6). Let F = (fij), G = (gij), and B = (bij). 
Then: 

(i) 

n+l 



i=l 



" = £ ( -rr n < 7 - 6 > 
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is a Bat o(m)-valued connection 1-form. Hence there exists A : R n+1 — > 
0(m) such that 

A-HA = w = ( ~ F %c- Ft °f ) dx - ^ 

(ii) Let A = (A 1 ,A 2 ) with A 1 £ M mx{n+1) . Then J2i=i A 1 C i JB~ 1 dxi is 
exact, so there exists a map X : R n+1 — > M. m x(n+i) sucn ^hat 

n+1 

dX = -J2 A 1 C l B t Jdx i . (7.8) 
i=i 

(in) Suppose all the entries of the j-th row of B are non-zero. Let Xj : R n+1 — > 
R m denote the j-th column of X, and denote the i-th column of A. 
Then (Xi, • • • , X n+1 ) is a (n + l)-tuple in R m of type 0(n, 1), and the two 
fundamental forms for the immersion Xj are 

n+1 



Ij — bj i dx i , 



n+l,m— n— 1 v ' 

II j = — ^2 9kibjidx?e n+ k+i- 
i=i,fe=i 

(iv) Conversely, suppose (Xi, • • • , X n+1 ) is an (n+l)-tuple in R m of type 0(n, 1) 
such that the two fundamental forms are of the form (7.9) with respect 
to a common parallel normal frame e n+ 2, ■ ■ ■ , e m for some B = (bij) and 
G = (g tj ). Then (F, G, B) is a solution of (4.6), where 



F — (fij), fij 



PROOF. The proof is similar to that of Theorem 6.8. We only give the 
proof of (iii) here. Let u>ij denote the ij-th entry of u (defined by (7.6)), i.e., 

r -fijdxj + fjidxi, 1 < i,j < n + 1, 
u>ij = < gj-n-i^dxi, 1 < i < n + 1 and n + 2 < j < m, (7.10) 

lo, n + 2<ij<m. 

Let Ci denote the i-th column of A (defined by (7.7)), i.e., A = (ei, • • • ,e m ). 
Since dA = Aw, we have 

dei = ^^ojjiej, 1 < i < m. (7.11) 

j'=i 
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By Theorem 7.4 (ii), 

n+l 

dX r = — b r i6 r eidxi, (?-12) 

i=l 

where X r is the r-th column of X. So {ei, • • • , e n _|_i} is a common orthonormal 
tangent frame, and 

uj[ r ^ = —e r b r idxi, • • • , uj^+i = ~ e rb r ,n+idx n+ i 
is the dual co frame for X r . Since 

^n+i+j = {de n +i+j,ei)i = &i,n+j+i = gjidxi, 

{e n +2, ■ ■ ■ , e m } is a common parallel normal frame and (x±, • • • , £ n +i) is a hy- 
perbolic line of curvature coordinate system for each X r . ■ 

7.5 Corollary. Let (Xi, • • • , X n+ i) be a (n + l)-tuple in R m of type 0(n, 1), 
and p G 0(m), q G 0(n, 1) constant matrices. Then p(Xi, • • • , X n+ i)g is aJso a 
(ra + l)-tuple in R m of type 0(n, 1). 

7.6 Corollary. Let v be a solution of the G x m n -system (4.2), E a frame for v, 
and Y = (§f E-^ix, 0). Then: 

(i) Y = (y_j X t f° r some M mx ( n+ i) -valued map X and J = I Ujl = 

diag(l,---,l,-l). 

(ii) X = {X u ■ ■ ■ , X n ) is an (n+l )-tuple in R m of type Q(n, 1). 



8. ,1-systems and isothermic surfaces 

We study the relation between the G x m ^system and isothermic surfaces in 

8.1 Proposition. The G^ ^system II (4.6) is the Gauss-Codazzi-Ricci equa- 
tions for surfaces in R m admitting hyperbolic line of curvature coordinates. 

PROOF. Let O be a domain in i? 2 , X : O -> R m an immersion with flat 
and non-degenerate normal bundle, and (x±, X2) G O a hyperbolic line of curva- 
ture coordinate system with respect to the parallel normal frame {e^, • • • , e m }. 
Then there exist u and g^i for 1 < k < m — 2 and % = 1, 2 such that the two 
fundamental forms are 

/ = cosh 2 u dx\ + sinh 2 u dx\, 
II = y, \9ki cosh it dx 1 + gk2 sinh u dx 2 )ek+2- 

k=l 
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The Gauss-Codazzi-Ricci equations for X are 

. . v-^m — 2 

u XlXl + u X2X2 + l^k=l 9k\9ki — U, 



(gki)x 2 = u X2 g k2 , (8.2) 
(9k2) Xl = u Xl gki- 



This is exactly the G^^ -system (4.6) for (F, G, B), where 



r \ n f coshu sinhu\ 1X /n oX 

u X2 G =<«">' B =( S mhu coshuj 60 * 1 ' 1 '' < 8 - 3 ) 



u Xl 



Conversely, if (F,G,B) is a solution of the ^-system (4.6), then since 
B G 0(1, 1) we may assume 



B 



( coshu sinhw 
\ sinhu coshu 



The third equation of (4.6) implies that j\2 = u Xl and /21 = w X2 , i.e., (F, G, B) 
is of the form (8.3). Write equation (4.6) for (F, G, B) in terms of u and g^i to 
get equation (8.2). This completes the proof. ■ 

8.2 Corollary. Let O be a domain of R 2 , and X\ : O — > R m an immersion 
with Gat normal bundle and (x, y) G O a hyperbolic line of curvature coordinate 
system with respect to a parallel normal frame e^, • ■ ■ , e m . Then there exists an 
immersion X2 unique up to translation such that (Xi, X 2 ) is a 2-tuple in R m of 
type 0(1, 1). Moreover, the fundamental forms of Xi,X 2 are given respectively 
by 

I\ = cosh 2 u dx\ + sinh 2 u dx 2 ,, 

= SjL"i 2 (5'ji coshudx 2 + <7j2 smhudx2)e2+j, 

.,2,9 ,2,9 ( 8 - 4 ) 

sinh udx{ + cosh udx 2 , 
- Y^j=i{~9ji smn udx\ — gj2 coshudx2)e2+j. 



Let K\ , K2 denote the Gaussian curvature of X\ and X2 respectively. The 
Gauss equation implies that 

Em— 2 
fc= i flfclflfc2 

sinh u cosh u 

Hence we get 

8.3 Corollary. Let (X U X 2 ) : O -> f? m be a 2-tupie in i? m of type 0(1, 1) 
such that (xi, x 2 ) G is a hyperbolic line of curvature coordinate system. Then 

K 2 (x) = K 1 (x) 

where Ki, K2 are respectively the Gaussian curvature of Xi,X 2 . 
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Next we describe the relation between 2-tuple in R m of type 0(1, 1) and 
isothermic surfaces in R m . The following definition, given by Burstall in [Bu], 
generalizes the classical notion of isothermic surfaces in R 3 ([Da]). 

8.4 Definition. Let O be a domain in R 2 . An immersion X : O — > R m is 
called isothermic if it has flat normal bundle and the two fundamental forms are 
of the form 

m-2 

I = e 2u (dx\ + dxl), II = e u {g k \dx\ + gk2dx\)e 2+ k 

k=i 

with respect to some parallel normal frame e^, ■ • ■ , e m , or equivalent (xi, x 2 ) £ 
is conformal and line of curvature coordinate system for X. 

A direct computation gives 

8.5 Proposition. The Gauss-Codazzi-Ricci equation for isothermic surfaces in 
R m is (8.2). 

It was first noted by Cieslihski, Goldstein and Sym in [CGS] that equation 
for isothermic surfaces in R 3 has a Lax pair. There have been many papers 
([Ci], [BHPP], [Bu], [HP], [HMN] ) using techniques from solition theory to study 
isothermic surfaces in 3-space. 

Next we give a simple relation between isothermic surfaces in R m and 2- 
tuples in R m of type 0(1, 1). 

8.6 Proposition. Suppose (X\,X2) is a 2-tuple in R m of type 0(1, 1). Let 
Yi = Xi — Xi and Yi = X\ + Xi . Then both Y\ and Y<i are isothermic. 

PROOF. Let (u, (gij)) be the solution of (8.2) associated to (Xi,X 2 ). We 
use the same notations as in Theorem 7.4. Write X = (Xi,X 2 ). By (7.12), we 
get 

J dX\ = — coshu dx\e\ — sinhu dx 2 e 2 , 
\ dX 2 = sinhit dxiei + coshu dx 2 e 2 . 

Note that 




W12 = u X2 dx\ - u Xl dx 2 , u) iy2+ j = gjidxi. 



Use (7.11) to get 

Vei = ui 2 ie 2 = (u X2 dxi - u Xl dx 2 )e 2 , 
Ve 2 = u)\ 2 ei = -(u X2 dxi - u Xl dx 2 )e 1 , 
dek+ 2 = uii,k+2ei + u 2 ,k+2e 2 = gk\dx\e\ + gk2dx 2 e 2 . 

Compute directly to get 

dY\ = dX\ — dX 2 = — (coshu + sinh u)(cte iei + dx 2 e 2 ). 
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So the induced metric for Y\ is e 2u {dx\ + dx 2 ). Similarly, we can get explicit 
formula for dY2 and dek for 3 < k < m. This computation implies that the two 
fundamental forms for Y\ and Y 2 are 

(I 1 =e^(dxj + d4), 

1 Hi = ~e u YJk=i(9kidx\ + g k 2dxl)e 2+ k: 




( 8 - 6 ) 



l {dx\ + dx 2 ) 

Ylk=i(-9kidx\ + g k 2dxl)e 2+ k 
Hence Yi and Y 2 are isothermic surfaces. ■ 

We call (Yi, Y2) an isothermic pair. If (u, g k i, g k 2) is the solution of (8.2) 
corresponding to Y\, then (—u,gki,—gk2) is the solution of (8.2) corresponding 
to Y 2 . For m = 3, the transformation from Yi to Y 2 is the classical Christoffel 
transformation. Burstall generalizes this result to arbitrary m in [Bu]. In fact, he 
developed in [Bu] a beautiful theory of isothermic surfaces in R m and explained 
its relation to conformal geometry, Clifford algebra and the curved flat system 
associated to G^,i- His result motivated us to study the G m)n -system II and 
Gm n -system II for general m, n. 

Next we describe the o(m + 1, 1) model used by Burstall, Jeromin, Pedit 
and Pinkall [BHPP] for m = 3 and by Burstall [Bu] for general m > 3. Let 




Note that the bilinear form defined by o~k,i and Ik,i are isometric, and 

rfc ;1 <x M r M = 7 fci i. 

Let 

O a (k, l) = {£eGL(fc + l)|£V£ = cT}. 

Then 4>k,i{g) = t\ x grk,\ is a group isomorphism from 0(k, 1) to O a (k, 1). If 

we replace 6% by = (4> m +i,i)*(Q\) m Theorem 7.4, then the integration in 
Theorem 7.4 (ii) gives an isothermic pair Y = (Yi, Y 2 ). 

The following proposition, which states that a CMC surface in R 3 without 
umbilic points admits isothermic coordinates, is well-known (for a proof see [PT]). 

8.7 Proposition. Let M be an immersed surface without umbilic points in 
space form N 3 (c) , and k\ , k 2 the principal curvature functions. If M has constant 
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mean curvature H and k\ > ki, then there exists a conformal line of curvature 
coordinates x, y such that 

1 = (ix2 + dy2) • II= ( 1 + k^r) dx2 + (- 1 + sph;) * 2 - 

Moreover, if we write e 2u = k ^_ k2 , then the Gauss-Codazzi equation for M is 

u xx + u yy = e~ 2u - + c^j e 2u . (8.7) 



8.8 Corollary. With the same notation as in Proposition 8.7. If c = —H 2 /A, 
then equation (8.7) becomes 

u xx + u yy = e~ 2u . (8.8) 

Moreover, (u,e~ u , —e~ u ) is a solution of (8.2) if and only if u is a solution of 
(8.8). 

Proposition 8.7 has a natural generalization to surfaces in R m observed by 
Burstall [Bu]. First we recall a definition due to Chen [C]: 

8.9 Definition. A surface M in R m with flat normal bundle is called a gen- 
eralized H-surface if there exists a unit parallel normal field v such that (H, v) = 
constant, where H is the mean curvature vector field. 

Note that a generalized iif-surface in R 3 is a CMC surface. 

The following analogue of Proposition 8.7 can be proved exactly the same 
way for generalized H-surfaces in R m . 

8.10 Proposition ([Bu]). Let M be a generalized H-surface in R m , H the 
mean curvature vector, and (es, • • • , e m ) a parallel normal Geld such that {H, e^) 
= c is a constant. If the shape operator A e3 has two distinct eigenvalues k\ > k2, 
then there exists isothermic coordinates x,y on M such that 

(II, e a ) = g^idx 2 + g a2 dy 2 , 3 < a < m 
for some g a i ■ 



I = 
Ih = 

n a = 



47 



We call the isothermic coordinates x, y in the above Proposition the canonical 
isothermic coordinates for the generalized i^-surface M. 

The following Proposition generalizes the classical Bonnet transformation 
for CMC surfaces in R 3 . The proof follows from a direct computation as in the 
classical case. 

8.11 Proposition ([Bu]). Let O be a domain in R 2 , Y : O — > R m an isother- 
mic immersion of a generalized H -surface in R m , (xi,X2) £ O the canonical 
isothermic coordinates, and 63 the parallel unit normal field such that (H, es) = 
2c is a constant. Then: 

(i) If c 7^ 0, then (Y, Y — -e 3 ) is an isothermic pair. 

(ii) If c = 0, then (Y, e 3 ) is an isothermic pair. 

Next we study the class of solutions of the G3 -[-system II corresponding to 
isothermic immersions of minimal surface in R 3 . If Y is an isothermic immersion 
of a minimal surface in R 3 such that 

I = e 2u (dx 2 + dy 2 ), II = dx 2 -dy 2 , 

then (Y,e 3 ) is an isothermic pair, where e 3 is the unit normal of Y. It follows 
from Propositions 8.1, 8.11 and Corollary 8.2 that ((e 3 - Y)/2, (e 3 + Y)/2) is 
a 2-tuple in R 3 of type 0(1, 1), and the corresponding solution (F, G, B) of the 
G\ ^-system II (4.6) is given by 

rp ( u x \ r , u u , fcoshu sinhu\ , . 

F= {u y Oj' G=(C ~ C } ' jB= ( v sinhu coshnj- (8 " 9) 

The converse is a consequence of the definition of G\ ^system II, Corollary 7.6, 
Proposition 8.6 and Corollary (8.8): 

8.12 Proposition. If u is a solution of (8.8), then 

/ u x 

V = \ Uy 

\e~ u -e~ u . 

is a solution of the G\ 1 -system (4.2). Moreover, let E be a frame for v, i.e. 

p-ijp_z3 _[Sv t -v5 t -6JX \ 
E y 5 t X -JvtSJ + dtv)' 

dx\ 

where 5 = ( dx^ ) and J = diag(l, —1). Then 
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(*) (If^" 1 )^'?/' ) = (_jx*(a: y) ^q'^) for some M 3x2~valued map 
X, 

(ii) X = (Xi, X 2 ) is a 2-tuple in R 3 of type 0(1, 1), 

(Hi) let Yi = Xi — X2 and Y2 = X\ + X2, then (Yi, Y 2 ) is an isothermic pair 

such that Y\ is minimal and Y 2 is the unit normal of Y\ , 
(iv) (x, y) is the canonical isothermic coordinate system for minimal surface Y\. 

It follows from Corollary 8.8 that a solution of (8.8) gives a minimal surfaces 
in R 3 and a surfaces in iV 3 (— 1) = H 3 with mean curvature 2 unique up to am- 
bient isometries. Proposition 8.12 gives a construction of the minimal immersion 
in R 3 from the frame of the G\ ^system. Next we show that the immersion of 
the corresponding CMC surface in H 3 can also be read easily from the frame of 
the G3 j-system II. First we recall that if E°(x, y, A) is a frame of the solution 

v = (^Q^j °f the G\ ^-system, then E°(x, y,0) = for some 

A, B and 

E(x,y,\) = E\x,y,\)^ B -i\ x , y) ) 
is a frame for the solution (F, G, B) of the G3 ^system II. 

8.13 Proposition. Let u be a solution of (8.8), and (F, G, B) defined by (8.9). 
Then (F, G, B) is a solution of the G\ 1 -system II (4.6). Moreover, let E(x, y, A) 

be a trivialization of the Lax pair 6^ defined by (4.5) for (F, G, B), i.e., E~ 1 dE = 

O 1 ^ , and e{(x, y) the i-th column of E(x, y, \/2). Then: 

(i) Vq = \f2 es + e4 + e$ is independent of (x, y) and {vq, Vq)\ = 2. 

(ii) Y = es + V2 e§ lies in the totally umbilic hypersurface 

N V0 , = {pe -R 4 ' 1 1 (p,p) l = -1, (p,v )i = 0} 

of H A and N VOj o is isometric to H 3 , where H n is the hyperbolic space form 
N n (-1). 

(Hi) Y has constant mean curvature 2 in H 3 . 

PROOF. Let oj i:j denote the ij-th entry of 6>f at A = y/2. Since dE = E9$ , 
we have 

5 

dej = '^ujijei, Uij + CiCjUji = (8.10) 
i=i 

for 1 < j < 5, where €\ = ■ ■ • = £4 = —65 = 1. Read iO{j from (4.5) to get 
ui 2 = u y dx - u x dy, 

W13 = e~ u dx, U14 = —V2 cosh it dx, W15 = \[2 sinhu dx, 

r r (8-11) 

W23 = —e u dy, u) 2 a = — v 2 sinhu dy, 0025 = v2 coshu dy, 

u>ij = 0, if 3 < i,j < 5. 
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To prove (i), we compute directly 

dvo = V2 de3 + de4 + ctes, 

= a/2 o;i 3 ei + V2 u 2 3^2 + 001^1 + 002^2 + ^15^1 + ^2^2 

= (V2 Ui 3 + U14 + U}i 5 )ei + (V2 LO23 + ^24 + ^25)e2- 

Substitute (8.11) to the above equation to conclude that dvo = 0. 

By Proposition 7.1, iV„ 0i o has constant sectional curvature —1. A direct 
computation gives (ii). 

Use (8.10), (8.11) and a direct computation to get 



dY = —= (dx e\ + dy 62). 
v2 

So ei, e2 are tangent to Y and the dual 1-frame is 

wi = -j= e u dx, lo 2 = -j= e u dy. 

The normal plane of iV UO) o in R 4,1 at Y is spanned by Y and Vq = \f2 63 + 64 + 65. 
It is easy to write down an 0(4, l)-frame (ei, e2, S3, S4, £5) on Y such that €.3 is 
normal to Y in N VOt o and §5 = Y - : 







1 1 


e3 


= e 3 - 


7= e 4 H 7= 1 

x/2 \/2 




= (e 3 


1 1 


e 4 


H — ■= e 4 H = 

x/2 V2 




= y = 


= e 3 + V2 e 5 . 



es), 



Let ej = 6i for 1 < i < 2, and u;^ = (dei,ej}i. A direct computation gives 

0J13 = (e~ u + e u )dx, u 2 z = {~e~ u + e u )dy. 
So y has constant mean curvature 2 in H 3 . ■ 
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9. Loop group action for G m n -systems 

In this section, we give an explicit construction of the dressing action of a 
rational map with two simple poles on the space of solutions of the G mjn -systems. 

First we review the construction of the dressing action. Let U/K be a 
symmetric space, and 

G + = {g : C — > Uc | g is holomorphic, satisfies the 

U/K— reality condition (3.5)}, 
G- = {g : S 2 — > Uc | g(oo) = I, gismeromorphic, and 

satisfies the U/K— reality condition (3.5)}. 

Let g G G_, v a solution of the U / K-system (1.1), and E(x,X) the frame 
of v with £7(0, A) = I, i.e., 

E~ 1 dE = 6 x , E(0,X) = I, 

where 9\ is defined by (2.3). Since 9\ is holomorphic for A G C, E(x, •) G G + . 
It is known that (cf. [TU2]) g(X)E(x, A) can be factored as 

g(X)E(x,X) = E(x,X)g(x,X) (9.1) 

such that E(x, •) G G+ and e/(;r, A) G G_ for s in a neighborhood of the ori- 
gin. Moreover, this factorization (9.1) can be obtained explicitly using residue 
calculus, and we have: 

(i) E is the frame for a new solution v of the t//-f£T-system with E(0, X) = I. 

(ii) Write g(x, X) = I + X~ 1 mi(x) + X~ 2 ni2(x) + • • •. Then v = v — pi{m\) is 
a new solution of the t//-f£T-system, where pi is the projection onto V fl A 1 - . 

(iii) g$v = v defines an action of G- on the space of germs of solutions of the 
U / if-system. 

(iv) If U is compact and v is a smooth solution decaying at infinity, then the 
factorization (9.1) can be carried out for all x G R n and the solution g%v is 
globally defined. 

(v) Let 6 denote the Lax connection of the solution v. Then 

~g6-d~g = ~9~g, (9.2) 

and this gives a system of compatible ordinary differential equations for v. 

9.1 Remark. Let E be a frame (cf. Definition 3.3) of the solution v of the 
[//K-system (1.1). Then 

(i) g(X)E(x, A) is a frame of v if and only if g satisfies the U j if-reality condition, 

(ii) if go G Uc is a constant, then goE(x, A) is a frame of v if and only if go G K. 
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Next we find certain simple element in G- explicitly. The G m ,n- reality 

condition is 

' 0(A) = <7(A), 

im, n g(X)i^ n = g(-X), (9-3) 

g(X)g(XY = I. 

9.2 Remark. If g(X) satisfies the G m ^ n - reality condition (9.3), then 

(i) g(0) G 0(m) x 0(n) and g(X) G 0(m + n, C) for all A G C, 

(ii) (A) satisfies the L r (n)-reality condition, i.e., 

»(A)*(7(A) = /. 

It is known (cf. [Ul]) that the group of rational maps g : S 2 — > GL(n,C) 

— =-t 

satisfying the £/(n)-reality condition g(X) g(X) = I is generated by the set of 

fc*,*(A)=7r + ^|(J-7r), (9.4) 

where z G C and tt is a Hermitian projection of C n . Although /i 2)7r defined 
by (9.4) does not satisfy the G m ^ n - reality condition (9.3), a product of suitable 
choices of two such elements satisfies (9.3). To construct this element, let R m = 
■Mmxii W and Z unit vectors in R m and R n respectively, and 7r the Hermitian 

projection of C n+m onto C ^ ^ ^ , the complex linear subspace spanned by 



iZ 



. So 



1 (WW* -iWZ f \ (n 
7r= 2V<ZW* ZZ* J" ^ 

( -w\ 

Note that 7r is the Hermitian projection onto CI ^ J , which is perpendicular 
to ^ !^ ^ . This implies 

7T7T = 7T7T = 0. 

Let s £ R, s / 0. Define 

A A — is /T ,\ / A + is /T ,\ 

9 " (A) = (' + aTU (/ " *> ) \* + —s {1 - *>J ' (96) 

Substitute (9.5) to (9.6) to get 
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A direct computation implies that g S;7T satisfies the G m)n -reality condition (9.3). 
So g Sj7r G G-. Note also that 

/-2ZZ^- 

Below we give an explicit construction of the dressing action of g Sj7T on the 
space of solutions of the G mjn -system (3.1). 

9.3 Theorem. Let £ : R n — > Ai mxn be a solution of the G mjn -system (3.1), 
and E(x, A) a frame of £ such that E(x, A) is holomorphic for A G C. Let W and 
Z be unit vectors in R m ,R n respectively, n the Hermitian projection of C n+m 

onto C . ^ , and Qs,tt the map defined by (9.6). Let tv(x) denote the Hermitian 
projection onto C (^^^j ( x )> w ^ ere 

(H )(*)=*(*. -«)-'(«)• < 98 ) 

Let W = || W || and Z = Z/\\Z\\, 

E(x, A) = gs^WEix, X)g sMx) (X)- 1 , (9.9) 

£ = £-2 S (WZ')*, (9.10) 

where (?]*)ij = ?7ij if i j, and (?]*)m = if 1 < i < n. Then £ is a solution of 
(3.1), E is a frame for £ and -E^x, A) is holomorphic in A G C. 

When m = n, Theorem 9.3 was proved in [Zh]. 

To prove Theorem 9.3, we need the following lemma. 

9.4 Lemma. With the same assumption as in Theorem 9.3, the following state- 
ments are true: 

(i) W(x) G R m and Z(x) G R n . 

(ii) || W(x) || = || Z(x) || for all x, and g s ,%( x ) satisfies the G m ^ n -reality condi- 
tion (9.3), i.e., it belongs to G-. 

(in) E(x : A) is holomorphic in A G C. 

PROOF. 

(i) Let A* denote A*. Since E(x,X) satisfies the G mn - reality condition 
(9.3), 

I m , n E(x, -is)' 1 !'],, = E(x, is)- 1 = E(x, -is)*. (9.11) 
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Write E{x,-is)- 1 = with 771 G gl(m,C) and t] 4 G gl(n,C). It 

follows from (9.11) that 771, 774 are real and 772, 773 are pure imaginary. This implies 
that W, Z are real. 

(ii) Let (i'i,i>2) = v\v2 denote the standard bi-linear form on C n+m . Then 

(u,u) = 0, where u = (^^j ■ Since E satisfies the reality condition (9.3), 

E(x, A) G 0(m + n,C). So 

(E(x, -is) _1 (u), #(a;, -is) _1 (u)) = («, u) = 0. 

This implies that || W(x) \\ = \\ Z(x) || and g s satisfies the reality condition 
(9.3). 

(hi) If g satisfies (9.3), then #(A) -1 = g(X)*. So 
£7(a;,A) = g s , 7r (X)E(x,X)g xMx) (X)* = 

, A — is I . . A + is I — A — is— j_ A + is _ , , 

7T + — - -7T 1 - 7T + —7r )E(x, A 7T + -— ■ -TT 7T + — 7T ), 

A + ^s A — ^s A + ^s A — ^s 

(9.12) 

where tt 1 - = I — tt and 7T 1 - = I — ft. The right hand side only has poles at is, —is 
of order 2. First note that the coefficient of ( A _* s ) 2 on the right hand side of 

(9.12) is —4s 2 7T7T- L E(x,is)7T7r- L , which is equal to —4s 2 TrE(x,is)TT because 

TTTT = TTTT = 0, TTTT = TTTT = 0. (9.13) 

Claim that 

ttE(x, is)n = 0. (9.14) 
To see this, we note that the image of ttE(x, is)fc is spanned by 



TrI m , n E(x, -is) ~ = irl. 



TT 



JZ ) '^ m ' n \iZj \-iZ J 

This proves the claim. So the coefficient of ^J^p on the right hand side of 
(9.12) is zero. 

The coefficient of x ^_ is on the right hand side of (9.12) is Ais7rE(x, is)tt, 
which is zero because of (9.14). So E(x,X) is holomorphic at A = is. Similar 
computation implies that E(x, A) is holomorphic at A = —is. Hence E(x, A) is 
holomorphic for A G C. ■ 



9.5 Proof of Theorem 9.3. 
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A direct computation gives 

E- 1 dE = gE~ 1 dEg- 1 -dgg~\ (9.15) 

where g(x, A) = g s ,jr(x)(X). But E~ x dE = J2( a i^ + l a ii v])dxi, E(x, A) is holo- 
morphic in A G C and A) is holomorphic at A = oo. So E~ 1 dE must be of 
the form ^(a^A + t]i)dxi. Write 

g(x, X) = I + X~ 1 mi(x) + • • • . 

A direct computation shows that 

m 1 (x)=2s(j^ t W f^, mi (x)eV. (9.16) 

Multiply (9.15) by g on the right to get 

^(oiA + Vi)dx^j (1 + rmA" 1 + • • •) 

= (I + rmX- 1 + ■■■) ^2(a t X + [a i: v])dx^j - (dmiA" 1 + •••)• 

Equate the constant term of the above equation to get 

r)i = [oi, v-m 1 ] = [a», u - pi(mi)], 

where pi is the projection from V onto "PPl-A- 1 . Write v = ( ^ ] . Theorem 

follows from (9.16). ■ 



Since E(x, A) in Theorem 9.3 is not assumed to satisfy the initial condition 
E(0, A) = /, the resulting new solution £ is not necessarily equal to the dressing 
action of g Sj7T on £. But they are related as follows: 

9.6 Corollary. Suppose E is a frame of the solution £ of the G m ^-system (3.1) 
such that E(x, A) is holomorphic for X G C. 

(i) If .E^O, A) = /, then £ obtained in Theorem 9.3 is g s>7r §£, and E is the frame 
of | with £7(0, A) = J. 

(ii) Let g+(X) = E(0, A), and £ the new solution of (3.1) obtained in Theorem 
9.3. Then g + G G+ and £ = <7_j}£, where g- is obtained by factoring g s ,ix9+ = 
g + g- with g± G G±. 
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The functions W, Z in Theorem 9.3 also satisfy a system of compatible 
first order differential equations. This follows from taking the differential of the 
defining equation (9.8) of W, Z: 

where 6\ is defined by (3.2) and E\(x) = E(x,X). We write system (9.17) 
explicitly: 

(Wx^iZDt-Di&W + sDiZ, 
\Z Xt = sDjW + DjOZ, 

or 



(9.18) 



{Wi)xi = ~ l^j^i JjiWj ~ 2^=i 9ji w j+n + szi i< n, 
{wi) Xj = fijWj i<n,j T^i, 

(u>i) Xj = gijibj i>n , (9.19) 

{Zi)xj fji^j j 7^ i i 

The converse is also true: 

9.7 Proposition. Given £ : i? n — > A / f^ lXn and a real number s ^ 0, we have: 

(i) System (9.18) is solvable for W, Z if and only if £ is a solution of the G m , n - 
system (3.1). 

(ii) Let £ be a solution of (3.1), and W, Z solution of (9.18) with initial condition 
W(0) = W, Z(0) = Z for some unit vectors W £R m ,Z e R n . Set 

€ = «-*. 



\\Z\\ 

where = Yij if i ^ j, and (Y*)m = if 1 < % < n. Then £ is a solution of 

(3.1), and is equal to g s ,n$£, where tt is the projecton onto C(W, iZ) f . 

PROOF. System (9.18) is the same as system (9.17), i.e., 
where 



But (9.20) is solvable if and only if 9_ is is flat. This is equivalent to £ being 
a solution of (3.1). So there exists a unique solution W, Z of (9.18) such that 
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W(0) = W and Z(0) = Z. Let E(x, A) be the frame of £ with £(0, A) = I. Then 

Ezls {^iz^j lS a ^ S ° a so ^ ut ^ on °^ (9-18) with the same initial condition. Hence 
they must be equal and Proposition follows from Theorem 9.3. ■ 

Since the Lax connection of the G mjn -system I, II are gauge equivalent to 
the Lax connection of the G m)n -system, we can write down the action of g S;7r on 
solutions of these two systems easily from the action on solutions of the G m ,n- 
system. 

Use the same notations as in Theorem 9.3. Let 



E\x, A) = g-lE(x, A) = E(x, %-J (x) 



= E(x, A) 



'im-j&iWW* ~M?WZt \ (9.21) 



2sA 7w( 



ZW t I n - ^-sZZ 1 



X 2 + S 2^w J-n A 2 +s 2 



Since both g Sj7T and E satisfy the G m , n - reality condition (9.3), so does Hence 
is a frame of £. Note that E\x, •) is not in G+. The G m>n - reality condition 
implies that both E(x,0) and E^(x,0) are in 0{m) x 0{n). Write 



It follows from (9.21) that we have 



x) 



A^ = A(I-2WW*), 
1^ = B{I-2ZZ t ). 



(9.22) 



Write 



where Ai,A\ G M. m xn and A2,A\ e A4 mX ( TO -n)- Rewrite (9.10) as 

2s (lUZ*) . 



g) (g 



So (A 1; F) and (A^, F) are solutions of the G mjn -system I (3.4), and (F, G, B) 
and (F, G, B^) are solutions of the G mjn -system II (3.10). Recall that 
(i) 6{ defined by (3.3) is the Lax connection of the solution (Ai, F) of the 
G m , n -system I (3.4), 



57 



(ii) 9^ defined by (3.9) is the Lax connection of solution (F, G, B) of the G m ,n- 
system II (3.10), 

(iii) 6 T X is the gauge transformation of 9\ by ^ ^ ) ' an< ^ ^ ^ ^ e ^ aU ^ e 



transformation of 9\ by 



Im 

5 



So the frames F of £, F^ off, F J of (A 1; F), f/ of (Aj, F) and E n of (F, G, B) 
and fV' of (F, G, &*) are related by 



E*\x,\) = E\x,\) 



Eb n (x,\) = E*(x,\) 



A 1 


M 












v o 




Ira 





v 


in' 



Use (9.21) to get 

^ X)=E ^ A) V - ( s\ZW*A* s*ZZ* 



= E I (x,X)[l 



A 2 



(9.23) 



and 



^ X)=E ^ A) I, 7 " A 2 "^ 2 " { sXBZW* \*BZZ*B* ) ) ' ^ 

It follows from Corollary 9.6 that the new solution £ obtained in Theorem 
9.3 depends on g S}7T and the frame F. Henceforth, we will use the following 
notations: 

&E*) = g 8tir -(Z,E), 

A* = g S}7T -A, B* = g S}7T ■ B, 

(A\,F,E* I )=g 9 , 7r -(A u F,E I ), 

(F,G,B\E^ II )=g s , 7r .(F,G,B,E n ). 

Use exactly the same argument as for Theorem 9.3 to get the action of g s ^ 
on solutions of the partial G mjn+ i-system (3.12). We summarize the results for 
this case below. 
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9.8 Theorem. Let (F, G, b) be a solution of the partial G m ,n+i-system (3.12), 
Q\ (defined by (3.11)) its Lax connection, and E(x,X) a frame of (F,G,b). 
Let W G R m and Z G R n+1 be unit vectors, n the Hermitian projection onto 



^ an< ^ ® S,7T defined by (9.6). Let 



tt(x) the Hermitian projection onto C ( x )> 

B(i,A)= 9 .,»(A)E(x,A) 9 -J (l) (A), 

(e o) = (g o)- 2 ^')*> < 9 - 26 > 

where W = W / \\W \\ , Z = Z / \\Z\\ . Then: 

(i) (F, G, b) is a solution of the partial G m}n+ i-system (3.12) and E is a frame. 

(ii) (W, Z) is a solution of 

_(- FC j + C J Ft c i Gt \w + q rz 

{ -GCj ) W + SC ' 2 ' (g27) 

-(~ Ft -'vcf iF c £)z + '(Cj,o)w. 

(in) System (9.27) is solvable for (W, Z) if and only if (F, G, b) is a solution of 
(3.12). 

(iv) If (F, G, b) is a solution of (3.12) and (W, Z) is a solution of (9.27) such that 
W(0),Z(0) are unit real vectors, then (F,G,b) defined by formula (9.26) is a 
solution of (3.12). 

Let (F,G,b) be a solution of the partial (j m;n +i-system (3.12), and E a 
frame of (F, G, b). Since E(x, 0) G 0(m) x 0(n + 1), there exist A(x) G 0(m), 
and B(x) G 0(n + 1) such that 

Write A = (A 1 ,A 2 ) with A 1 G M m xn and A 2 G M mX {m- n )- Then (Ax, F, b) 
is a solution of the partial G m)n +i-system I (3.14) and 




E*(x, A) = E(x,X) 



A f 

In 
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is a frame of (Ai,F, b). Let (F, G, b), W, Z, and E be as in Theorem 9.8, and 

E^ = g~lE, A^ = A(I - 2WW*). 

Then (A^i,F,b) is a new solution of the partial G m)n _|_i-system I, where A^ = 
(A\,A\). Moreover, 

£»'(*. A) = E'(x,X) ( A s f) (W'A' ,#)) 

is a frame of (F : G, b). We will use the following notations: 

(F,G,b,E*)=g s , 7r -(F,G,b, E), 
(A\,F,b,E* I )=g a , ir -(A 1 ,F,b,E I ). 

10. Ribaucour Transformations for G m n -systems 

The main goal of this section is to give geometric interpretations of the 
action of g Sy7T on the spaces of solutions of the various G m>n -systems constructed 
in section 9. 

We first review some notions in classical differential geometry (cf. [Da], [Bil], 
[Bi2]). Given a two parameter family of spheres S(x,y) in i? 3 , 

S(x,y) : p(x,y) + r(x,y)w, weS 2 , 

generically there exist two enveloped surfaces M, M, i.e., they are tangent to 
these spheres. To see this, we fix a parametrization w(u,v) on S 2 . To find an 
enveloped surface is to find u(x,y),v(x,y) so that w(u(x,y),v(x,y)) is normal 
to the surface 

X(x, y) = p(x, y) + r(x, y)w(u(x, y), v(x, y)) 

at X(x, y). So u, v need to satisfy X x • w = and X y ■ w = 0. Or equivalently, 

p x -w + r x = 0, p y -w + r y = 0. (10.1) 

This means that w(u(x, y), v(x, y)) must lie in the intersection of the two circles 
defined by (10.1) on S* 2 . Since generically two such circles intersect at exactly 
two points for each (x,y), we obtain two surfaces M,M and a map £ : M — > 
M so that X(x,y) and X(x,y) lie in the same sphere S(x,y). Note that the 
map £ is characterized by the property that the normal line at q to M and the 
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normal line at £(q) = q to M meet at equidistance r(q). We call such map £ 
a sphere congruence. A sphere congruence £ : M — > M is called a Ribaucour 
transformation if it preserves line of curvature directions and the lines p + te 
and £(p) + t£*(e) meet at equidistance for any principal direction e G TM p and 
p £ M. 

Natural generalizations of sphere congruence and Ribaucour transformation 
to submanifolds in space forms are given in [DT]. For x G N m {c) and v G 
TN m (c) x , let 7 XjU (t) = exp(ti>) denote the geodesic. 

10.1 Definition ([DT]). Let M n and M n be submanifolds of the space form 
N m {c). A sphere congruence is a vector bundle isomorphism P : v(M) — » z/(M) 
that covers a diffeomorphism ^ : M — » M with the following properties: 

(a) If £ is a parallel normal vector field of M, then Po^or 1 is a parallel normal 
field of M. 

(b) For any nonzero vector £ G ^ X (M), the geodesies 7 X) £ and Ji( x ),P(s,) intersect 
at a point that is equidistant from x and £(x) (the distance depends on x). 

10.2 Definition ([DT]). A sphere congruence P : u(M) — » u(M) that covers 
^ : M — > M is called a Ribaucour Transformation if it satisfies the following 
additional properties: 

(i) If e is an eigenvector of the shape operator of M, then (e) is an eigen- 
vector of the shape operator A P ^ of M. 

(ii) the geodesies 7^ e and "f£( x ) l* (e) intersect at a point equidistant to a: and 
^(z). 

Below we show that the action of g Sj7T on solutions of the G mjn -system I 
correspond to a Ribaucour transformation for flat submanifolds in g n + m - 1 m 

10.3 Theorem. Let E 1 be a frame of the solution (A\, F) of the G m ^ n -system 
I (3.4), g Sj7r given by (9.6), and 

(AlF,E* I )=g s , 7r -(A 1 ,F,E I ) 

as in section 9. Write 

E\x, 1) = (X(x), e n+2 (x), e n+rn (x), e l (x), e n (x)), 
~i . (10.2) 

{x, 1) = (X(x), e n+2 (x), • • • , e n+m (x) : ei(x), e n (x)). 

Then: 

(1 ) Both X and X are immersions of flat n-dimensional submanifolds of S n+rn ~ 1 
with Hat, non-degenerate normal bundle, x±, ■ ■ ■ , x n line of curvature coor- 
dinates, {e a }ailT+2 an d {^a}a=^ + 2 are parallel normal frames for X and 
X respectively. 
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(2) (Ai, F) and (A\, F) are solutions of (3.4) corresponding to X and X as in 
Theorem 6.1 respectively. 

(3) The bundle morphism P : u(M) — > u(M) defined by P(e a (x)) = e a (x) for 
n + 2<a^n + misa Ribaucour Transformation covering the map X(x) i— > 
X(x). 

PROOF. 

(1) and (2) follow from Theorems 6.1 and 9.3. 

(3) Let A2, G and A = (Ai, A2) be given as in Proposition 3.6, and W, Z 
as in Theorem 9.3. Let 

7 = (7n+i, • • • ,7m+n,7i 5 • • • ,7n) = ( sin pW 1 A* cospZ*) , 



where sin p = + s 2 and cos p = s/y/l + s 2 . Substitute A = 1 in (9.23) to 

get 



E^\x,l) = E\x,l) (i- 2 ( ) (smpW'A 1 cospZ 1 )). (10.3) 



Substitute (10.2) to the above equation to get formulas for each column of E$ : 



X = X(l - 2 7 ^ +1 ) - 2 7n+1 J2~fn+jen+j + J2^ e i I • 

V=2 j=l 

(m m \ 

J=2 i=l / 

So we have 

7iX - 7 n+ iei = 7jX - 7n+iej, 
7 n+i X - 7 n+ iei = 7n+^ - 7n+iei- 

Let 

= arctan(7 n+1 /7i), and fa = arctan(7 n+1 /7 n+i ). 
Then the above equations are 

cos ipi X — sin ipi Ci = cos ipi X — sin ipi e^, 
cos 0jX - sin (j)ie n+i = cos - sin fae n+i . 
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Geometrically, this means that the geodesic of ( S' n + m - 1 a t X(x) in the direction 
ei(x) intersects the geodesic of ( S ,n + m_1 a t X(x) in the direction ei(x) at a point 
equidistant to X(x) and X(x). So P is a Ribaucour Transformation. ■ 

Note that the distance 4>i and ^'s in (10.4) in the proof of Theorem 10.3 
satisfy 

ELi cot2 ^M^) _ 2 

<5 i 



1 + E^2 COt 2 4>i{*) 

for all x. 

The following theorem gives the geometric transformation for flat subman- 
ifolds in R n + m corresponding to the action of g S;7T on the space of solutions of 
the G m)n -system I. The proof is similar to that of Theorem 10.3. 

10.4 Theorem. Let X be a local isometric immersion of R n in R n + m with 
flat and non-degenerate normal bundle, and (x±, ■ ■ ■ , x n ) a line of curvature co- 
ordinate system. Let (Ai, F) be the corresponding solution of the G m ^ n -system 
I (3.4), b : g as in Theorem 6.3 (i) and (ii), and E 1 a frame of (A 1: F) with 

E^xA) = g(x). Let A, G be as in Proposition 3.6, and E = E [ T 

a frame for the solution £ = (j^J of (3.1). Let g s , n , W,Z,W = W/ \\W \\ , 
Z = Z j ' || Z || be as in Theorem 9.3 for the solution £, E a frame of £, and 

(F, G,E*)= g Sjn ■ (F, G, E), (A\\ F, E^ ) = g s , n ■ (A,, F, E 1 ) 
as in section 9. Write 

E\x : 1) = (e n+1 (x), • • • , e n+rn (x), e^x), e n (x)), 
~ i 

EV (x, 1) = (e n+1 (x), • • • , e n+m (x), ei(x), • • • , e n (x)). 



Set 



7 = (7 n+ i, . . . ,7 m+n ,7i, . . . ,7 n ) := (ship W t A t cos pZ f ) 
r](x) = E 1 (xA)l(x) f , where p = cot -1 s. 



Then: 

(1 ) There exists (j) such that <p Xi = —sbiZi for all i = 1, . . . , n, where Z{ is the 
i-th coordinate of Z. 

(2) Let X = X + 2 -^jp V- Tnen x is again an immersed fiat submanifold in 
j^n+m w ft n g a t anc [ non-degenerate normal bundle. 

(3) The bundle morphism P(e a (x)) = e a (x) for n + 1 < a < n + m is a 
Ribaucour Transformation covering the map X(x) i— >■ X(x). 

(4) The solution of (3.4) corresponding to X is (A\, F). 
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PROOF. 

(1) By (9.19), we have {zj) x% = fijZj- Theorem 6.3 implies that (bi) x . = 
fijbj for % ^ j. A direct computation gives (biZi) Xj = (bjZj) Xi . So (j) exists. 

(2) It follows from the definition of r] and equation (9.19) for Wi,Zj that 



dy = -s | ZiWidxi J i) + — — ^2 WidxiCi 

and 



, cosp . 



d [ — = — ) = 1 — [ ZiWidxi 

\\\W\\J \\W\\ 



,i=l 

A straightforward calculation gives 

dX = dX H C ° S ^ d ( — ~ — 77 | = bidxiei, 

s \\\w\\ 7 V 

where h = h + ^ Hence X is a submanifold with the stated properties. 

(3) Set A = 1 in equation (9.23) to get 

li = e; - 27^77. 

So we have 

7i a||W|| 7**11^11 

which implies that P is a Ribaucour Transformation covering IhI. 

(4) follows from (2) and (3). ■ 

The following theorem gives the geometric transformation for local isometric 
immersions of S n in S m+n corresponding to the action of g s ,-n on the space of 
solutions of the partial G m)n _|_i-system I. 

10.5 Theorem. Let X be a local isometric immersion of S n in S n+rn with flat 
and non-degenerate normal bundle, and (x\, ■ ■ ■ , x n ) a line of curvature coordi- 
nate system. Let (Ai, F, b) be the solution of the partial G m ^ n+ i-system I (3.14) 
corresponding to X, 

9 — (^n+lj ' 5 6n+mi Cl? ' ' ' i Cnj A") 

as in Theorem 6.5, E 1 the frame of (A\, F, b) such that E 1 (x, 1) = g(x), and 

_ ~ ~, i 



(4, F, 6,^1 )=g s , 7T -(A 1 ,F,b,E I ) 
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as in section 9. Write 

(x, A) = (e n+1 (x), • • • , e n+m (x), ei(x), e n (x), X(x)). 

Them 

(i) X is a local isometric immersion of S n in S n+m with Hat and non-degenerate 
normal bundle, x is line of curvature coordinates, and {e a }™!™ + 1 is a parallel 
normal frame. 

(ii) The solution of (3.14) corresponding to X is (A\, F, b). 

(in) The bundle morphism P(e a (x)) = e a (x) for n + l<a<n + misa 
Ribaucour Transformation that covers the map X(x) i— » X(x). 

Next we give the geometric transformation for n-tuples in R m of type 0(n) 
corresponding to the action of g Sj7T on the space of solutions of the G m)n -system 
II. 

10.6 Theorem. Let £ = (^q^J be a solution of the G m ^ n -system (3.1), E a 

( A(x) \ 

frame of £, E(x, 0) = ( ^ B(x) ) ' ^' ^ ^ 6 corres P on ^ n S solution of 
the G m)n -system II (3.10), and 

(F, G, B\ E^) = g s , n ■ (F, G, B, E 11 ), A* = g s ^ ■ A. 



^-( x ,0)E-\x,0)=( 



Let e{ and denote the i-th columns of A and A^ respectively. Then: 
(i) 

X(x) 
-X(xf 

?M)f'M,= (J (i) *«) 

for some X and X. 

(ii) X = (Xi, ■ ■ ■ , X n ) and X = (Xi, ■ ■ ■ , X n ) are n-tuples in R m of type 0(n) 
such that {e Q ,}^ l =n _|_ 1 and {e a }™ =n+1 are parallel normal frame for Xj and 
Xj respectively for all 1 < j < n. 

(in) The solutions of the G m>n -system II (3.10) corresponding to X and X as 

given in Theorem 6.8 are (F, G, B) and (F, G, B^) respectively. 

(iv) The bundle morphism P(e a (x)) = e a (x) for n + 1 < a < m is a Ribaucour 
Transformation covering the map Xj(x) i— > Xj(x) for each 1 < j < n. 

(v) There exist maps 4>ij such that Xj + fyijCi = Xj + fyijCi for 1 < j < n and 
1 < i < m. 
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PROOF. It follows from Theorem 6.8, Proposition 6.10, Corollary 6.11 and 
formula (9.21) that 

(_% f)=f(.0)^ ( „ ) 

= ^-(x, 0)E(x, 0)" 1 + 2 -E{x, 0) ( J^ t W f ) E(x, 0)" 1 

= —(,,0)^,0) +-{_ B ^ A - 1 o 



+ AWZ'B- 1 

-X 1 + s\ -BZW'A- 1 



So 



X = X + -AW^B*. 

s 



Let = E/=i ^' e j- Then 



n 



2 v - 

Xi = Xi + -2_^Zjbji rj. 

S j=i 

By (9.22), we get = — 2u>i?]. Hence for each 1 < I < m and 1 < i < n we 
have 



Xj + 0ijei = Xj + 4>ijei, where faj 
This finishes the proof. ■ 



Ei=i ~ z i h ij 



10.7 Example. Recall that when n = 2 and m = 3, the £3,2- system II (3.10) 
is (6.13), which is the Gauss-Codazzi equation for surfaces in R 3 parametrized 
by spherical line of curvature coordinates. Let (u, r\, r 2 ) be a solution of (6.13), 
and (F,G,B) defined by (6.14) the corresponding solution of (3.10). Let W, Z 

as in Theorem 9.3 for the solution £ = (^Q^j an ^ E a frame, and (F, G,B^) = 
g s ^-(F,G,B). Then 

^ / u^A ~ / ~ ~ \ Bt f cosu sinu \ 
F= _ x , G = (n,r 2 ), B q = . _ 

u y y v y ysinu —cosu y 

for some solution (u, fi, f^) of (6.13). To see this, we write 



Z l = (21,22) = (— sin a, cos a) 
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for some function a. It follows from (9.22) that 
= B(I-2ZZ t ) = 



cos u sm u 
— sin u cos u 



cos 2a sin 2a 
sin 2a — cos 2a 



fcos(—u + 2a) sin(— u + 2a) 
Y sin(— u + 2a) — cos(— u + 2a) 

Let X = (Xi,X 2 ) and X = (X 1: X 2 ) be the 2-tuples in R 2 of type 0(2) cor- 
responding to (F, G, B) and (F, 0, S^) as in Theorem 10.6. Then the first and 
second fundamental forms of X\ and X 2 are given by 

I\ = cos 2 (— u + 2a)dx 2 + sin 2 (— u + 2a)dy 2 , 
Hi = —T\ cos(— u + 2a)dx 2 — f 2 sin(— u + 2a)dy 2 , 

I 2 = sin 2 (— u + 2a)dx 2 + cos 2 (— u + 2a)dy 2 , 
II 2 = —f\ sin(— u + 2a)dx 2 + r 2 cos(— u + 2a)dy 2 , 



where 



Ti = n - 2sw 3 Zi 



n - — 



2sw 3 Zi 



zf + z 



%2 



10.8 Example. Let (u, r\,r 2 ) = (0,0,0) be the trivial solution of (6.13). It 
is easy to see that the 2-tuple in R 3 of type 0(2) corresponding to the trivial 
solution is 

-x 
X = I -y 




and 



E(x,y,\) = 



/ cos Xx 



sin Xx 
\ 





cos Ay 
" 


sin Xy 





1 





— sin Xx 



cos Xx 




\ 

— sin Xy 




cos Ay / 



is a frame for the trivial solution. 

Below we write down explicitly the 2-tuple in R 3 of type 0(2) constructed 
by applying the Ribaucour transformation to the trivial solution. It follows from 
Theorems 10.6 (i) and 9.3 that 



w 2 
w 3 

~Z\ 

\z 2 ) 



/cosh(sa:)wi + sinh(sa:)2;i \ 

cosh(sz/)w2 + sinh(sy)2;2 
w 3 

cosh(sa:)2;i + smh(sx)wi 
\ cosh(sy)z 2 + smh(sy)w 2 ) 



(10.5) 



Use Theorem 10.6 and a direct computation to get: 
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(i) If \zi\ > \wi\ and \z2\ > |w2|, then 

Xi = -\0)+ — - - ,V 727 ss 6sinh(sy) , 



qJ s(a 2 cosh (sx) + b 2 cosh (st/)) 



w 3 



g/ s(a 2 cosh (sx) + b 2 cosh (sy)) 



u> 3 



where a = \J z\ — wf, b = \J z\ — w\, and a 2 + b 2 = w 2 < 1. See Figure 1. 
(ii) If \wi\ > \zi\ and |z 2 | > |^2|, then 

• , / \ / acosh(sx) 

* osmh(sy) , 





/ X 


x 1 = 


~ P 




Vo 




/ X 


x 2 = 


" ° 




Vo 


where a = 


v 7 ^ 



w 3 



2&cosh(sy) /acoshMx 

-I 2 -2 osmh(sy) , 

/ s(a 2 sinh (sx) + 6 2 cosh (sy)) y w 3 J 



Figure 2. 

(iii) The first and second fundamental forms of X\ are 
I\ = cos 2 {2a)dx 2 + sin 2 (2a)dy 2 , 

Hi = sin(a) cos(2a)dx 2 H — cos(a) sin(2a)(iy 2 , 



where Si, S2 are given by (10.5), tana = — Si/S 2 , and 

t = {(cosh(sx)^i — sinh(sx)wi) 2 + (cosh(sy)2;2 — sinh(sy)^2) 2 }^- 

We have seen in Example 6.16 that 

(i) solutions of SGE correspond to K = — 1 surfaces of B? up to rigid motion, 

(ii) (u, sin u, — cos u) is a solution of (6.13) if and only if u is a solution of the 
SGE, 

(iii) if (Xi,X2) is the 2-tuple corresponding to (u, sinu, — cos u), then X\ has 
Gaussian curvature —1, u is the corresponding solution of the SGE, and X 2 
is the unit normal of X\. 

Below we give a condition on s, tt so that the action of g Sj7r on (X, e 3 ) also 
represents a 2-tuple in R 3 of type 0(2) corresponding to a K = — 1 surface. 
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10.9 Corollary. Let (u, s'mu, — cos u) be a solution of (6.13), Z = (21,22)*? 
W = (u>i, W2 : WsY real constant unit vectors, and constant s such that 

SW3 = z\ sin w(0, 0) — Z2 cos u(0, 0). 

Let n denote the Hermitian projection onto (wi, W2, W3, iz±, iz^f ■ Then the new 
solution g Sy7T ■ (u, sin u, — cos u) of (6.13) is of the form (u, sin u, — cos u) for some 
u. 

PROOF. Let Z, W, Z, W be as in Theorem 9.3 for the solution f = 

of the G^^-system, where F and G are defined by (6.14). Since (W, Z) satisfies 
(9.19), we have 

dibs = sinu ib\dx\ — cosu w^dx^-, 
dz,\ = —~z\du + sibidxi, 

dZ2 = Z\du + SW2dX2- 

Thus sdu)3 = sin u (dz\ + Z2du) — cos u (dz2 — ~z\dv) = d(sin u ~z\ — cos u 22). It 
follows that sws = sinu2i — COSU22. ■ 




10.10 Example. u = is the trivial solution of the SGE. It follows from 
Example 6.16 that (0,0,-1) is a solution of (6.13). Use Corollary 10.9 and 
Example 10.7 to compute p S;7r -(0, 0, —1) to get three parameter family of solutions 
of the SGE. Some of these examples (see Figure 3) are: 

(1) If < s = sine < 1, then 

1 / sin c sin (y cose) \ 

u = 2tan-M . \ . 10.6 

\ cos c cosh (a: sm c) / 

This is the breather solution for the SGE, and the corresponding curvature 
— 1 surface in R 3 is given by 

(x \ / sinh(a: sin c) 

+r cosy cos(y cose) + secc sin ysin(y cose) 
/ \ sin y cos(y cos c) — secc cos y sin(y cos c) 

where 

2cosh(;r sin c) 



r = 



sincjeosh (x sin c) + tan 2 c sin (ycosc)} 
(2) If s = coshc > 1, then 

-\ ( coshc cosh (ysinhc)\ 
\sinhcsinh(a; coshc) / 
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and the corresponding —1 curvature surface in R 3 is 

(x \ / cosh(a; cosh c) 

J+r cosysinh(y sinhc) + sechc sin y cosh (ysinhc) 
/ \ sin y sinh(y sinh c) — sechc cos y cosh(y sinh c) 

where 

2 sinh(a: cosh c) 



r = 



coshc{sinh (x cosh c) + coth c sinh (y sinhc)} 



11. Loop group actions for G^ n - Systems 



In this section, we construct the action of a rational map with two simple 
poles on the space of solutions of the n -system explicitly. Since the calculation 
and proofs are similar to those for the G m)n -system in section 9, we only state 
the results. 

The G x m n -reality condition is 



0(A) = 0(A), 

5 , (A)*/ n +m,l5 , (A) t = I n +m,l- 



Let 



G+ = {g : C — > GZ/c(n + m+ 1)| g is holomorphic and satisfies (11.1)}, 
G_ = : S 12 — > GL(n + m+ 1, C) | # is rational and satisfies (11.1)}. 

Let C n+m+1 be equipped with the bi-linear form: 

n+m 

( U , V)x = ^ U i V i ~ U n+m+1 V n+m+1 . 
i=l 

Let W = (wi, . . . ,w m y and Z = (zi, . . . , z n+ iY be unit vectors in R m and 
the Lorentz space R™' 1 respectively, and 7r the orthogonal projection of C n+m+1 

f w\ 

onto the span of [ . ^ ) with respect to ( , )i. So 



1 (WW 1 -iWZ*\ 
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Since Z, W are real vectors, titi = = 0. Given non-zero s G R, define 



A2 + s 2 ^ 1 — ^-ZW 1 J \ I-2ZZ t J))' 

(11.3) 

where J = 7 nj i = diag(l, • • • , 1, — 1). A direct computation implies that g S)7r 
satisfies the reality condition (11.1). So g S)7T G G-. 

11.1 Theorem. Let £ be a solution of the n -system (4.2), 6\ its Lax con- 
nection as in (4.1), and E a frame for £. Let W and Z be unit vectors in R m 
and/2"' 1 , 

(H) (£)• (11 - 4) 

and 7f(a;) the orthogonal projection onto the span of ( x ) w ^ n respect to 

( , )i. Let / s G i? be a constant, tt a projection onto C ^^7^> ai2( ^ 9s, tt 
defined by (11.3). Set 

E(x,\) = q s , n (X)E(x,X)q-l ix) (X), 
l = ^-2s(WZ t J) Jf , 

where W(x) = ^^- W{x) and Z(x) = ^L^— Z(x), and (y^ = Vij for 
i ^ j and (y*)u = for all i. Let 

Et(x,\) = E(x,\)q-l {x) (\). 

Then 

(i) £ is a new solution of (4.2), 

(ii) E^ is a frame for £, 

On) E(x,0) = (^ B ° (x) ) and #(,,0) = (^»> -° w ) ftr 
A,B, A\B\ and 

(X*=A(I-2WW t ), ( , 

\B* = B(I-2ZZ t )I ntl . K - 0) 



some 



When m = n, Theorem 11.1 (i) was proved in [Zh]. 
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Write C = (g)' F = (/ ^' G = F = 6 = and ^ 



Then formula for £ in the above theorem is 

(11.6) 



where 6j = 1 for 1 < j < n and e n+ i = — 1. 

Differentiate (11.4) to get the ODE for (W, Z): 

11.2 Corollary. Let £ = (^Q^j be a solution of the G^ n -system (4.2), E a 

frame of £, and (W, Z) be as in Theorem 11.1. Then (W, Z) is a solution of the 
following system 

[Wijxi = ~ l^j^i JjiWj - 2^j=i gjiio J+n+1 + sZiCi, i<n+l 
{wi) X j = fijWj, i < n+ 1, j ^ z, 
{wi) Xj = gijWj, i>n+l, 

{%i)xj fjiZj^i^j i j 7^ h 
, {Zi)xi = ~ fijZj + 

(11.7) 

11.3 Corollary. Let £ = (^Q^j be a solution of the G^^-system (4.2). Then 
system (11.7) is always solvable. Moreover, if (W, Z) is a solution of (11.7) such 
that W(0) and Z(0) are unit vectors in R m and R n ' 1 respectively, then (J^J JS 
a solution of (4.2), where F and G are defined by (11.6). 

Write 

A=(A U A 2 ), A* = (A\,A\) 

with Ai,A\ <E M mx {n+i) and A 2 ,A\ G M m x{m-n-i)- Then (Ai,F) and 
(A\,F) are solutions of the G x m n -system I (4.4), and (F, G, B) and (F, G, B^) 
are solutions of the n -system II (4.6), and their frames are related by 

E\x;X) = E(x,\)q, Mx) (\)-\ 
&'(x, X) = E'(x,X) (i-j^f ( X f) (\W>A> S Z'j)) , 
z?h"/ ^ u-IIl \\ It 2 I S 2 WW' -sXWZ<B'j\\ 

& (x, X) = E (x, X) [I - 3^ ^ _ sXB ^ t x2B ^, BtJ ) ) • 
For the partial G^ n -system we have 
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11.4 Theorem. Let (F, G, b) : R n — > gl*(n) x A4( m _ n ) Xn x .M nX i be a solu- 
tion of the partial G x m n -system (4.8), t\ its Lax connection as in (4.7), and E a 
frame for (F, G, b). Let W and Z be unit vectors in R m and R 71 ' 1 respectively, 



(H) -*>-'(£)• 



and 7r(x) the orthogonal projection onto the span of j ( x ) with respect to 
the bilinear form ( , ) i . Let ^ s G R be a real number, i\ the projection onto 
C (^2?^j> an d Qs,-k as defined in (11.3). Let 

E(x,X) = q s , 7T (X)E(x,X)q-l {x) (X), 

fij fij 2sWiZj) 

9ij = 9ij ~ 2sw n+i Zj, (11.8) 
bi = bi + 2swiZ n+ i, 

where W = W, Z = -r^. — Z and u>i and Zi are the i-th coordinate of 

\\W\\ m \\^\\n,l 

W, Z respectively. Then (F, G, b) is a solution of (4.8) and E is its frame, where 
F = (fij), G = (gij), and b = (bi). 

11.5 Corollary. Let (F,G,b) be a solution of the partial n -system (4.8), 
E a frame of (F, G, b), and ( ^ J as in Theorem 11.4. Then (W, Z) is a solution 



of 



iZ 



(wi) Xi = ~ Y!j^i fj%Wj - Y!J=i QjiWj+n + s~Zi i<n , 

[wi) Xj = fijWj i<n,j , 

(wi) Xj = gijibj i> n , 

(zi) Xj = fjiZj j y^i ,i<n 

(Zi)xi = ~ fijZj ~ biZ n -\-\ + SWi, 

„ \Zn+l)xj = ~bjZj. 



(11.9) 



Conversely, if (F, G, b) is a solution of system (4.8), then system (11.9) is solvable. 
Moreover, if (W,Z) is a solution of (11-9) such that W(0) and Z(0) are unit 
vectors in R m and R 71 ' 1 respectively, then (F,G,b) is also a solution of (4.8), 
where F, G, b are defined by formula (11.8). 

Let 

E\x,X) = E(x,X)q-l {x) (X). 
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Then E^ is also a frame of (F, G, b). Write 
Then 

JiH = i4(/-2W'), 



= B(I-2ZZ t J), 



where J = I n ,i- 
Let 



E I (x,\) = E(x,\)( A * Et\x,\)=E(x,\)(* 
A direct computation gives 

A) =£f(*,A) (/- 3^ ( A ff ) (\W>A> S Z'J)) . 



Note that E 1 and £^ are frames of (Ai,F,b) and (A^F, 6) respectively. We 
use the same type of notations as in previous sections: 

(F,G,b,E*) = q Btir -(F,G,b i E), 

(A\'f, b, E^ 1 ) = q Sj7r ■ (Ai, F, b, E), 
(A\ B^) = q Sj7T ■ (A, B). 



12. Ribaucour Transformations for G x m n - Systems 

In this section, we describe the corresponding geometric transformations on 
submanifolds associated to the action of g S)7r on the space of solutions of various 
G^n n-systems described in section 11. 

12.1 Theorem. Let X be a local isometric immersion of H n in H n+m with flat 
and non-degenerate normal bundle, (xi, . . . , x n ) line of curvature coordinates, 
and (Ai : F : b) the solution of the G^^-system I (4.10) corresponding to X as 
defined in Theorem 7.3. Let E I (x,\) be a frame of (Ai,F,b), and g(x) = 

E T (x, 1). Let ^ s G R, tt the projection onto C ^^7^> Qs, n defined by (11.3), 
and E^ , A\ as in section 11. Write 

(AlF,b,E* I )=q s , n -(A u F,b,E I ), 

E\x, 1) = (e n+1 (x), • • • , e n+m (x), e^x), • • • , e n (x), X(x)), 
E^ (x,l) = (e n+1 (x),---,e n+m (x),e 1 (x),---,e n (x),X(x)). 
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Then: 

(i) X is a local isometric immersion of H n in H n+Tn with non-degenerate, flat 
normal bundle, and {e a }™=™ +1 is a parallel normal frame. 

(ii) The solution of (4.10) corresponding to X given in Theorem 7.3 is (A\, F, b). 
(in) The bundle morphism P(e a (x)) = e a (x) for n + 1 < a < n + m is a 
Ribaucour transformation covering the map X(x) i— » X(x). 

Recall that if Vq is a null vector in R 2n ' x and c ^ 0, then by Proposition 7.1 

that 

N V0}C = {x G 2n>1 | (x, x)i = -1, (x, v } 1 = c} 

is a totally umbilic hypersurface of H 2n , and N VOiC is isometric to i? 2n_1 . Next 
we give a condition on s, n so that the Ribaucour transformation corresponding 
to q S}7V for local isometric immersions of H n in H 2n preserves local isometric 
immersions of H n in i? 2n_1 . 

12.2 Corollary. Let Vq be a null vector in R 2n,x , X a local isometric immersion 
of H n in N VQjC C H 2n with flat and non-degenerate normal bundle, and W,Z, 
q Sy7T and X as in Theorem 12.1. If 

b t (0)W = -sz n+1 , 

then X also lies in some Bat totally umbilic hypersurface of H 2n . 

PROOF. By Theorem 7.3 (vi), there exists some constant vector w G Ai nx i 
such that b = A t w. It follows from 2.4 that 

f dw = - ^{-Fd + CiF^wdxi + s Ziddxi, 
\ dz n+1 = -Yjhzidxi. 

Since A l dA = J2(~ FC i + dF^dxi, we have 

d(b f W) = w^iAW) = w\dA)W + w l AdW = b\sJ2 ~z i C l dx l ) = -sdz n+1 . 

Hence b l W = —sz n+ i for all x G R n .A straightforward calculation now implies 
that 

A^w = A(I - 2WW t )A t w = b + 2sz n+1 W = b, 
which finishes the proof. ■ 

12.3 Theorem. Let (F, G, B) be a solution of the n -system II (4.6), and 
X = (Xi, ■ ■ ■ , X n+ i) the (n+l)-tuple in R m of type 0(n, 1) corresponding to 
(F,G,B) of (4.6) as described in Theorem 7.4. Let q S;7T be the rational map 
defined by (11.3) for some constant s and unit vectors W in R m and Z in R 71 ' 1 , 
and 

(F,G,B\A^) = q s , n -(F,G,B,A). 
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Let 

X = X + -AWZ'B'J = (X u • • • , X n+1 ), (12.1) 
s 

where J = I n ,i- Then: 

(i) X is a (n+1 )-tuple in R m of type 0(n, 1). 

(ii) The solution of (4.6) corresponding to X is (F, G, Bfr) = q Sj7r ■ (F, G, B). 

(in) Write A = (e u ■ ■ ■ , e m ), = (ei,---,e m ). Then {e*}f =1 and {e;}f =1 
are principal curvature frames, and {e a }™ =n+1 and {e a }™ =n+l are parallel 

normal frames of Xj and Xj respectively. 

(iv) The bundle morphism P(e a (x)) = e a (x) for n + 2 < a < m is a Ribaucour 
transformation covering the map Xj(x) i— » Xj(x) for each 1 < j < n. 

(v) There exist smooth functions 4>ij such that 

Xj + 4>ijei = Xj + 4>ije.i (12.2) 
for all 1 < j < n and 1 < % < n. 



13. Darboux Transformations for G^ ^-Systems 

Let M, M be two surfaces in R m with flat and non-degenerate normal bun- 
dle, and P : v(M) — > v(M) a Ribaucour transformation that covers t : M — > M. 
If in addition I is a conformal diffeomorphism, then P is called a Darboux trans- 
formation. Such transformations for surfaces in R 3 were studied by Darboux 
and Bianchi and in R m by Burstall [Bu]. In this section, we show that the trans- 
formation constructed in Theorem 12.3 for 2-tuples in R 3 of type 0(1, 1) is a 
Darboux transformation for isothermic surfaces. 

13.1 Theorem. Let (Yi, I2) be an isothermic pair in R m corresponding to the 
solution (u,G) of (8.2), and £ = (^Q^j ^ e corresponding solution of the G^^- 

system, where F = ^ ® U ^ ^ . Let 7^ s G R, tt the projection onto C ^ !^ ^ , 
q Sj7T the rational map defined by (11.3), and W,Z as in Theorem 11.1 for the 



solution!; = (^Q^j of the G^ ^-system. Let 
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Write A = (ei, • • • , e m ) and = (e±, ■ ■ ■ , e m ). Set 

2 m 
Yi = Yi + -(h + z 2 )e u V Aie*, 
s 

(13.1) 

y 2 = Y 2 + -{z x - h)e~ u V Wiei. 

Then _ 

(i) (Yi, I2) is an isothermic pair, 

(ii) (u, G) is the solution of (8.2) corresponding to (Yi, Y 2 ), where u = 2a — u, 
sinha = — z 2 and G = (gij) is defined by (11.6), 

(in) the fundamental forms of (Yi, Y2) are 

(~I 1= e - 2il (dx 2 + dy 2 ), 

\ Ih = e~ u J2T=i(9jidx 2 - g j2 dy 2 )e 2+j , 

(~I 2 = e 2il {dx 2 + dy 2 ), 

\ II 2 = J2T=i(~9ndx 2 + ~g j2 dy 2 )~e j+2 , 

(iv) the bundle morphism P(e a (x)) = e a (x) for 3 < a < m covering Yi 1— > Yi is 
a Darboux transformation for each 1 < i < 2. 

PROOF. Let X l = (Y x + Y 2 )/2, and X 2 = (Y 2 - Yi)/2. By Propositions 
8.1, 8.5 and 8.6, (F, G, B) is a solution of the G x m ^-system II, and X = (Xi,X 2 ) 

is the corresponding 2-tuples in R m of type 0(1, 1). Let X = (Xi, X 2 ) be as in 
Theorem 12.3, and 

Y\ = X\ — X 2 , Y 2 = X\ + X 2 . 

It follows from (12.1) that Yi, Y 2 are given by (13.1). 

Since z\ — z 2 = 1, there exists a function a : R 2 — > R such that 

z,\ = cosh a, z 2 = — sinha. 

Since u = 2a — u, 

Z1-Z2 

Use (11.5), (13.2) and a direct computation to get 



B* = B(I - 2Z&J) = ( ~ C °f^ 2a ~ ^ ~ Si ti 2a " i 
x ' V smh(2a — u) cosh(2a — u) 



-coshu — sinhw 
sinh u cosh u 



(13.3) 
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So (i)-(iii) follows. 

To prove (iv), we first note that the map Yj i— » Yj is conformal because 
(x,y) are isothermic coordinates for Yj and Yj. It remains to prove that P is a 
Ribaucour transform. To see this, we use (12.2) to get 

Yi + (0a - i2 )ei = Yi + (0 a - i2 )ei, 
Y 2 + (0a + i2 )ei = Y 2 + (0a + 0i 2 )ej 

for each 1 < i < m. So P is a Darboux transformation. ■ 



Let (Yi, Y 2 ) be an isothermic pair in P 3 corresponding to the solution (it, G) 
of (8.2), and (Yi, Y 2 ) as in Theorem 13.1. Write G = (gi,g 2 y. Then the mean 
curvature for Yj and Yj are given as follows: 



Pi 
P 2 



"01 - 02 



-9i + 92 



fjf 91 ~h h-Z 2 r O . * U ^ 13 ' 4 ' ) 

#1 = Zfi~ = ul~ \ - \ i9l ~92- 2SW 3 (^1 + Z2)} 

e u e u (z 1 + z 2 ) 

& 9i+92 e u (z 1 + z 2 ) r , o - ^ - u 

H 2 = — = — ; {gi +92- 2sw 3 (^i - z 2 )\. 

e u zi - z 2 



13.2 Example. A plane in P 3 is the isothermic surface corresponding to the 
trivial solution (0,0,0) of (8.2). Let W = (wi,w 2 ,ws) t , Z = (z\, z 2 ) f be unit 
vectors in P 3 and P 1 ' 1 respectively. Use Theorem 11.1 and a direct computation 
to get 







/ W\ cosh sx + Z\ sinh sx \ 


w 2 




w 2 cos sy + z 2 sin sy 


w 3 


(x,y) = 


w 3 


~Zl 




Z\ cosh sx + Wi sinh sx 


\~z 2 J 


\ — w 2 sin sy + z 2 cos sy ) 



Then the isothermic pair (Yi, Y 2 ) corresponding to (tt, 01,02) = Qs,ir • (0,0,0) is 
given by 



Y> = 







y 




o ) 




—x\ 




-y 


V 


o ) 





s{cosh7cosh(s;r) — cos(sy)} 



s{cosh7cosh(s;r) + cos(sy)} 



cosh7sinh(sx) 
sin(sy) 

— sinh 7 

cosh7sinh(sx) 
sin(sy) 

— sinh 7 
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where cosh 7 = W \ is a constant parameter. See Figure 4. 

The first and second fundamental forms of Y2 are given by I = e 2u (dx 2 +dy 2 ) 
and II = e 2u (kidx 2 + fady 2 ) where 

fi cosh7cosh(sa:) — cos(sy) 
cosh 7 cosh(s;r) + cos(sy) ' 
2s sinh 7 cosh 7 cosh(s;r) 



fci 



(cosh7cosh(sx) — cos(sy)) 2 ' 

2s sinh7cos(sy) 
(cosh7cosh(sa:) — cos(sy)) 2 



Suppose Yi(x,y) is an immersion of a surface in R 3 with constant mean 
curvature 2c and no umbilical points, and (x, y) is the canonical isothermic co- 
ordinates. It follows from Proposition 8.7 that (it, (71,(72) is a solution of (8.2), 
where 

01 = e" u + ce u , 02 = -e" u + ce u . 

In particular, Yi is isothermic. It follows from Theorem 7.4, Propositions 8.1 and 
8.6 that there exists an isothermic surface Y2 such that (Y\, Y2) is an isothermic 
pair corresponding to (u, gi, (72), and the principal curvatures of Y2 are 

-l-ce 2u , -l + ce 2u . 

So the mean curvature of Y2 is — 2. If Y\ is minimal, then Y2 is totally umbilic 
with mean curvature —2. Hence in this case, Y2 is a standard unit sphere. In 
fact, Y2 = es is the standard sphere parametrized by the isothermic coordinates 
ofYi. 

Below we give a condition on s, n so that the induced action of q Sj7T on 
the space of isothermic surfaces preserves the subset of constant mean curvature 
surfaces parametrized by canonical isothermic coordinates. 

13.3 Corollary. Let (Yi, Y2) be a isothermic pair in R 3 such that Y\ has con- 
stant mean curvature 2c, no umbilical points, and is parametrized by the canon- 
ical isothermic coordinates. Let s 7^ be a constant, W, Z constant unit vectors 
in R m and R 1,1 respectively, and Y = (Yi, Y2) = q s ,-n • (Yi, Y2) as in Theorem 
13.1. If 

SW3 = ce u ^°\ Zl + Z2) + e- u ^°\ Zl - z 2 ), 

then Yi has constant mean curvature 2c and Y2 has mean curvature —2. 
PROOF. By (11.8), we have 



01 = 01 - 2sw 3 zi, 02 = 02 + 2sw 3 z 2 . 
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Write Z\ = cosh a and z 2 = — sinh a for some function a. It follows from the 
differential equation (11.7) for W, Z that the derivative of 

sw 3 - ce u (z l +z 2 ) - e~ u (z l - z 2 ) (13.5) 

is zero. Since Vt^(O) = W and Z(0) = Z, (13.5) is identically zero on R 2 . Use 
Theorem 13.1, formulas (13.3), (13.5), and a direct computation to prove that 
the mean curvature of Y\ and Y 2 are 2c and —2 respectively. ■ 



Similar computation gives 

13.4 Corollary. Let Y\ be a minimal surface without umbilic points in R 3 
parametrized by the canonical isothermic coordinates, and Y\ as in Corollary 
13.3. Ifsw 3 = e- u(0 ' 0) (zi - z 2 ), then Y x is minimal. 



13.5 Example 

Let Yi = 




and Y 2 = 




. This pair of cylinders 



(Y\,Y 2 ) is an isothermic pair with (u,gi,g 2 ) = (0,0,-1) as the corresponding 
solution to (8.2). Using Theorem 11.1 and putting s = sinhc, we obtain 







w 2 




w 3 




Zl 




\~z 2 ) 





Wi cosh(a: sinh c) + z\ sinh(a: sinh c) 
w 2 cos(y cosh c) + W3 cosh c sin(y cosh c) 
— w 2 sech c s'm(y cosh c) + w% cos(y cosh c) 
Zi cosh(a: sinh c) + W\ sinh(a: sinh c) 
\ sinh c w 2 sech c s'm(y cosh c) — sinh c W3 cos(y cosh c) / 



Let (Yi, Y 2 ) be the isothermic pair with constant mean curvatures corresponding 
to («, gi, ~g 2 ) = q s ,n ■ (0, 0,-1). Then 



Yi = 



Yo = 




a smh(x sinh c) 
+ ri I — coshc cosy cos(y cosh c) — sin ysin(y cosh c) 
cosh c sin y cos(y cosh c) + cos y sin(y cosh c) 

a sinh(a: sinh c) 
+ r 2 I —coshc cosy cos(y coshc) — sin ysin(y coshc) 
- cosh c sin y cos(y cosh c) + cos y sin(y cosh c) . 



where a = {(zf — w 2 )/(w 2 + w 2 sech 2 c)}a , and 

2 



^2 



sinh c{a cosh(a: sinh c) + sinh c sin(y cosh c)} ' 

2 

sinh c{a cosh(x sinh c) — sinh c sin(y cosh c) } 
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If a > sinhc and coshc is a rational number n/k, then Y\,Y 2 are immersed 
cylinder with n bubbles (see Figures 5, 6, 7). 

Note that u and the principal curvatures k^i, ki j2 of Y{ are given by 

£ a cosh(;r sinh c) + sinhc sin(y coshc) 
a cosh(a; sinh c) — sinh c sin(y cosh c) ' 
~ 2a sinh c coshfa; sinh c) sin (y cosh c) 



ki, 2 
k 2 ,i 



(a cosh (a; sinh c) — sinhc sin (y cosh c)) 2 
a 2 cosh(a; sinh c) + sinh 2 c sin(y cosh c) 



(a cosh (x sinhc) — sinhc sin (y cosh c)) 2 ' 
2a sinh c cosh(a; sinh c) sin(y cosh c) 
(a cosh(a; sinh c) + sinh c sin(t/ cosh c)) 2 
~ a 2 coshfx sinh c) + sinh 2 c sin(y cosh c) 

K2,2 - 



(a cosh(x sinh c) + sinh c sin(y cosh c)) 2 

Note that -ffi = 1 and H2 = — 1. This does not contradict Corollary 13.3 because 
the isothermic coordinate system (x, y) is not the canonical one for the cylinder 
viewed as a CMC surface. The canonical isothermic coordinates are x/2,y/2. 



14. Backlund transformations and loop group factorizations 

Terng and Uhlenbeck ([TU2]) show that the classical Backlund transforma- 
tion of surfaces in R 3 with constant curvature — 1 corresponds to the action of a 
rational map with only one simple pole on the space of solutions of the SGE. In 
this section, we give a generalization of this result to the G n)n -system. We find 
a rational map that satisfies the G n)n -reality condition and has only one simple 
pole, and show that the corresponding geometric action gives rise to a Backlund 
transformation of n-dimensional submanifolds. 

Backlund's theorem is generalized by Tenenblat and Terng in [TT] to n- 
submanifolds in i? 2n_1 , and by Tenenblat in [Ten] to submanifolds in S 2 ™ -1 
and H 2n ~ 1 . These generalizations arise naturally if we reformulate the classical 
Backlund transformations in terms of orthonormal frames as follows: Note that 
I : M — > M is a Backlund transformation with constant 6 for surfaces M, M in 
i? 3 , then there exist 0(3)-frame 6a and such that £(p) = p + sin#ei(p) and 

/ 1 

(ei,e 2 ,e 3 )(£(x)) = (e 1 ,e 2 ,e 3 )(x) I cos# -sin# 

\ sin 9 cos 6 

for all x e M. 
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14.1 Definition ( [Ten] ) . Let M, M be n-dimensional submanifolds in S 2n 1 . 
A diffeomorphism I : M — > M is a Bdcklund transformation with constant if 
there exist local orthonormal 0(2n)-frames {e^}, {&a} of M, M respectively such 
that 

(i) e± = X and ei = X are the immersions, 

(i) {e a } 2 a=n+i an d {^a} 2 a=n+i are parallel normal frames for M, M respectively, 
(iii) 

(X, e n+ i, • • • , e 2 „-i, ei, e n )(^(a;)) 

/ v- \( \ ( cos ^ ^Ti — sin J n \ 

-(X,e n+1 ,---,e 2n _ 1 ,e 1 ,---,e n )(o:)^ sin ^^ j 

for all x G M. 

14.2 Theorem ([Ten]). If ^ : .U" • .(/" is a Backlund transformation in 
5 ,2n_1 , then both M and M are Bat. Moreover, if M n is a Bat submanifold of 
S 2n ~ 1 , then given any constant 9 and a unit vector vq G TM po , there exists a 
submanifold M of g 2 ™ -1 and a Backlund transformation I : M — > M such that 
£(po) = cos 6 £(po) + sin^u . 

Next, we explain the relation between the geometric Backlund transforma- 
tion and the dressing action on the space of G nin -systems. By Theorem 6.1, 
the Gauss-Codazzi equations for flat n-dimensional submanifold in ( S ,2n_1 are the 
C n)n -system I, which is gauge equivalent to the G n)n -system for F : R n — > gl*(n) 
such that 

is flat for all A G C, where S = diag(cfcci, • • • , dx n ). So the G n)n -system is the 
equation for F: 



C F f - F C ■ - C F f 4- F C- — \C-F* — FC C F l - FC ■] 
CiF X] - F*d — CjF x . + F*.Cj = [CiF - F t C i , CjF - F f Cj], 



where Cj = en = diag(0, • • • , 1, 0, • • • , 0) as before. 

Let s G R be a non-zero constant, (3 G 0(n) a constant, and 

Note that k Sj p is holomorphic at A = oo, k Sj7T (oo) ^ /, and k s ^p only satisfies 
the G n;n -reality condition up to a scalar function, i.e., 

A— iS,.,. , /iW ,/ ,N , ,,xfw,N A 2 + S 2 



fe(A) = — — fc(A), I n , n k(X)I n , n = fc(-A), fc(A)'fc(A) 
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where k = k 8j p. So k s ,p does not belong to G-. But the following is true: (i) 
an element of the form /(A)/ in G- lies in the center, (ii) the dressing action 
of such element on the space of solutions of the G n)n -system is trivial, and (iii) 
the factorization still works. In fact, if E is a frame of a solution F of the G n , n - 
system (14.2), then k Sj7T (X)E(x, A) can still be factored as E(x, X)k s for some 

functions (3(x) and E(x : X) so that E is holomorphic for A G C. Hence we get 

14.3 Theorem. Let F be a solution of the G n ^ n -system (14.2), E a frame of 
F, s G R a constant, (3 G 0(n) a constant matrix, and k s ^ defined by (14.3). 

Write E(x, -is) = ( Vl( } X \ m ^ X \ J with ^ G M nX n- Set 

\T]3{X) r}4{X) J 

f3 = (ir] 4 - f3r] 2 )~ 1 (if3r] 1 + m): 
E(x, A) = k s , p E(x, X)k sMx) (X)-\ (14.4) 

F = F t + s]3*, 

where is the matrix whose ij-th entry is yij for i ^ j and is for i = j. Then 

(i) F is a solution of the G nyn -system (14.2) and E is a frame of F, 

(ii) (3 is a solution of 

U~P = J27=i(-P(FCi - CiF*) + (F*Ci - CiF)P - sd + sPdfldxi, 
\~0 = I 

(14.5) 

PROOF. First we prove that E(x, A) is holomorphic in A G C. By defini- 
tion, E(x, A) is holomorphic for all A G C except at A = ±«s, and has simple 
poles at is and —is. A direct computation implies that the residue at —is is a 
constant times 

/ -u n \ fm m\ ( ft u n \ 

\il n ft ) \ m V4 J \-u n p )> 

which is zero by the definition of (3. Similar computation shows that the residue 
of E(x, A) at A = is is also zero. Hence E(x, A) is holomorphic in A G C. 

Let 9\ = E^dE, and 9\ = E~ x dE. Then 9\ is holomorphic for A G C. It 
remains to prove that 9\ is of the form (2.3) for some F. But 

9 X = E~ 1 dE = K rp 9 x k-l - dk srp k-l. (14.6) 

Because k s ^ is holomorphic at A = oo and 6*a has only simple poles at A = oo, 

so is 9\. Compare coefficients of X 1 in (14.6) to conclude that 9\ is of the form 
(2.3) for some F and F is given by (14.4). This proves (i). 
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Multiply (14.6) by k s p on the right to get 

~ d \K,p = k s ~ p e x -dk s p. 

Multiply the above equation by (A — is) then compare coefficients of \ l to get 
the differential equation for j3 in (ii). ■ 

14.4 Corollary. Let F be a solution of the G nyn -system (14.2), and E a frame 
of F. Then system (14.5) is solvable for [3. Moreover, if (3 is a solution of (14.5) 
with initial condition (3(0) = (3, then F = F l + is a solution of (14.2). 

Since solutions of the G n)n -system I correspond to flat n-submanifolds in 
g2n-i^ theorem 14.3 and Corollary 14.4 give a method of constructing new 
flat n-submanifolds in ( S ,2n_1 from a given one. Geometrically, this gives the 
geometric Backlund transformation constructed by Tenenblat [Ten]: 



14.5 Theorem. Let F, E, k s p, (3, E, F be as in Theorem 14.3. Write E(x,0) 

° ^ Let 
B(x) '■ ' 



N(x) = E I (x,l)=E(x,l)^ )t 



N(x) = E^(x,l) = N(x)( ' A sinpI n \(A^ 



I n J \smpl n cosp/3 J \ I n 

(14.7) 

where p = arctan(l/ s) , and A* = A(3 t . Let v% and Vi denote the i-th column of N 
and N respectively. Then the map V\(x) i— > Vi(x) is a Backlund transformation 
of n-dimensional submanifolds in S 2n ~ 1 with constant p defined by Definition 
14.1. 

PROOF. By (14.4), 

E ^°)-{0 p){ B(x)P(x)J- 
Since ( „ ® f | is constant, ( A ^ ^~ | is also a trivialization of the Lax 

V° P J V B P J 

connection (14.1) for F at A = 0. By Proposition 3.6, (A, F) and (A,F) are 
solutions of the U/K-system I and N, N are the corresponding frames at A = 1. 
It follows from Theorem 6.1 that V\,vi are flat n-dimensional submanifolds of 
S' 2 "' -1 , (i>2, • • • , v n ) and (i)2, - • ■ ,Vn) are parallel normal frames for v and V\ 



84 



respectively. Multiply both sides of (14.7) by ( ^ J t ) on the right to get 




cos pl n — sin pl n 
sin p (3 A 1 cos pj3A f 

cos pl n — sin p I n \ 
sin pl n cos p I n ) 



Let 



Then (14.8) can be rewritten as 




N b = N 



In 




(14.8) 



N b = N b COSpI T n " Sin ^ . (14.9) 
\sm pl n cos p I n J v ' 

The first n column vectors of N and N b are the same, the first n column vectors 
of N and N b are the same and they are parallel normal frames. The last n 
columns of N b and N b are tangent frames for v\ and V\ respectively (they are 
not principal curvature directions). Geometrically, (14.9) means that the map 
V\ i * V\ is a Backlund transformation with constant p. ■ 



14.6 Example. We apply Theorem 14.5 to the trivial solution F = to 
get explicit immersions of flat n-submanifolds in S 2n ~ 1 . The Lax connection of 
F = of the G njn -system (14.1) is 

So 

Ffr Al- ^^'^ ~ S ( X > X )\ 
u\x,A) - y S ( x ^ C{x,\) ) 

is a frame of F = 0, where C(a;, A) = diag(cos(A;ri), . . . , cos(Aa: n )) and S(x, A) = 
diag(sin(Aa:i), • • • , sin(Aa; n )). Note that 

so A = J n . It follows from Theorem 14.3 that 
P = (Pi ~ PP2)~ 1 (PPi ~ P2), where 

Pi = diag(cosh(sxi), • • • , cosh(sa: n )), p 2 = diag(sinh(s;ri), • • • , sinh(sa: n )). 
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Since A = I n , = Aft = ft and formula (14.7) gives 

N(r\ = ( C ( X > 1 ) ~S(X, 1)\ f COS pl n - SHI p I n \ 

{ ) \S(x,l) C(x,l) J\smpp cosp/3 )' 

The first column of N(x) gives an explicit immersion of flat n-submanifolds in 
g 2 ™- 1 w ith flat and non-degenerate normal bundle. 

Next we recall a generalization of Backlund's theorem to n-dimensional sub- 
manifolds in i? 2n_1 with constant sectional curvature -1 proved by Tenenblat 
and Terng in [TT]. First we recall the definition. 

14.7 Definition ([TT]). Let M,M be n-dimensional submanifolds in i? 2n_1 
with flat normal bundle. A diffeomorphism £ : M — > M is called a Backlund 
transformation with constant 9 if there exist local orthonormal frames {e^} and 
{£U} of M, M respectively such that 

(i) {e a }a="n+i an d {£a} 2 a=n+i are parallel normal frames, 

(ii) £{x) = x + sin 6* e\(x) for all x G M, 
(iii) 

1 

(ei,- • • ,e 2n -i)(^(^)) = (ei,---,e 2 n-i)(x) I cos#i" n _i - 



sin^/ n _i 




for all x G M. 



14.8 Theorem ([TT]). If £ : M n -> M n is a Backlund transformation in 
i? 2n_1 with constant 9, then both M and M have constant sectional curvature 

— 1. Moreover, if M n is a submanifold in i? 2n_1 with sectional curvature —1, then 
given any constant 9 and a unit vector vq G TM po , there exist a submanifold 

M of i? 2n_1 and a Backlund transformation ( : M ■ A I such that £(po) = 
p + sm9v . 

To explain the analytic version of the above theorem, we first recall that 
([TT]) if M is an n-dimensional submanifold of i? 2n_1 with sectional curvature 

— 1 then the normal bundle is flat and there exist line of curvature coordinates 
such that the two fundamental forms are 



1 = ^ a li dx t 



2 
i i 

■ . , (14.10) 

i=n,j=n — 1 v / 

II = ^2 audjidxlen+j-x 

for some 0(n)-valued map A = (a^) and parallel orthonormal normal frame 
e n+ i, ■ ■ ■ , e<2n-\- The Gauss-Codazzi equations for M are the following system 
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for (A, F): 

f A~ 1 dA = -F6 + 6F\ 

\ duo + uo A uo = —SA t euAS, where 

5 = diag(c£ci, • • • , dx n ), to = 8F — F l S, and en = diag(l, 0, • • • , 0). 

(14.11) 

Equation (14.11) is a called the generalized sine-Gordon equation (GSGE). The 
analytic version of Theorem 14.8 is 

14.9 Theorem ([TT]). Let (A, F) be a solution of the GSGE (14.11). Then 
the following equation for A is solvable: 

d~A = -A(-F t S + 5F) + ASA t DA - DA5. (14.12) 

Moreover, 

(i) for allj 7^ k and i, we have (dij) Xk /dik = (d r j)x k /d r k, which will be denoted 
by fjk, 

(ii) let F be the gl(n) -valued map whose jk-th entry is fjk for j ^ k and fjj = 0, 
then (A, F) is again a solution of the GSGE (14.11). 

Next we explain the relation between GSGE and the dressing action of G\ n - 
systems. It follows from Theorem 7.3 that local isometric immersions of H n in 
ft2n-i correspond to solutions (A, F, b t ) of the G\ n -system I such that b l = 
Ae\\. It can be easily seen that the GSGE (14.11) is the G\ ^-system (4.2) with 
v = (F, 6*). Hence GSGE has a Lax connection 

/ oo -SX \ 

6x=[SX r 5b* , where u = -FS + 8F\ t = -F*8 + SF. (14.13) 
V b5 / 

However, unlike the G n)n -system, we are not able to find a rational map with 
only one simple pole satisfying the G\ n -reality condition up to scalar function. 
But the following element satisfies the first two conditions of the G\ n -reality 
condition (11.1): 

/0 —I 0\ //3 \ 
g = X [I + 7 (14.14) 
\0 0/ \ ?7 ej 

where (3, 7, £, 7], e are matrix valued functions on R n . We explain below how to 
use the gauge transformation of g (all entries are assumed to be functions of x) 
of the Lax connection 9\ of the G\ n -system so that g * 9\ = 9\ for some other 

solution (F, b ). Suppose there exists a solution v = (F, b ) of the G\ n -system 
(14.13) such that 

g6 x -dg = ~e x g, (14.15) 
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where 9 is the Lax connection (14.13) corresponding to v. Equate coefficient of 
A J of (14.15) for each j to get 



' w = t + (35 — 5"f, 

f = u> + jS — 8(5, 

r) = b, i = b, 

d(3 = 0u — w(3, 

c?7 = 7T + £*6<5 - T7 + 8b tr q, 
= 1 8b t - f £* - 56*e, 

dt] = t]t -\- eb5 — M7, 
^ de = 0. 



(14.16) 



The first and second equations of this system imply that (3 = 7*, and the fourth 
and fifth equations imply that 

5(13*0 - 6*6) = (0 - 6*6)<5. 

Equate each entry of the above equation to get 

0*0 - 6*6 = (3(3* - 6*6 = A (14.17) 

for some diagonal matrix. We make an ansatz that A = rl for some constant r. 
Note that the fourth equation of (14.16) means that w is the gauge transformation 
of 00 by J3. Hence there exists a constant matrix C so that the trivialization A of 
uj and A of w are related by 

CA = A(3. (14.18) 
Substitute (14.18) into (14.17) to get 

A*(C*C - e n )A = A^CC 1 - e n )A = rl. 

Hence C*C = CC* = rl + e n . Let r = cot 2 6. Then = A 1 DA, where D = 
diag(csc 9, cot 9, • • • , cot 9). Substitute this to the fourth equation of (14.16), we 
get the analytic Backlund transformation (14.12). 

Notice that the element g defined as in (14.14) can be written as 



9 




D 


-XI 









XI 


D 


y 


(• 


A 





ei 


esc 9 J 


vo 






where e\ = (1, 0, • • • , 0) and D = diag(csc6*, cot 9, ■ ■ ■ , cot 9). 
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15. Permutability Formula for Ribaucour transformations 

Bianchi proved a Permutability Theorem for Backlund transformations for 
surfaces in R s : If I : M — > is a Backlund transformation with constant 9{ 
for surfaces in R 3 for i = 1,2 and sin 2 ^ sin 2 6*2, then there exist a unique 
surface M3 and Backlund transformations l\ : M2 — > M3 and £2 : -^1 ~^ -^3 
with constant #1, #2 respectively such that 4°^2 = ^2 Moreover, if qi is the 
solution of the SGE corresponding to Mi respectively, then 

, <?3 ~ Qo si + s 2 , ?i - ?2 
tan - = tan - , 

4 si - 8 2 4 

where Sj = tan(0j/2). Terng and Uhlenbeck proved in [TU2] that the Permutabil- 
ity theorem is a consequence of a relation between generators h Sj7T defined by (9.4) 
and fact that the dressing is a group action. In this section, we find the relation 
among <7 S)7r 's and use the same proof as in [TU2] to get the Permutability The- 
orem for Ribaucour transformations for submanifolds associated to G m , n - and 

G m,n- S y stemS - 

Recall that given unit vectors W in R m and Z in R n , g Sj7r was defined by 

X + is. T ,\ 
A — is I 




A — is A + is 



where tt is the Hermitian projection of C n+m onto C ^ ^ ^ . 

15.1 Proposition. Let Wk and Zk be unit vectors in R m , R n respectively, 
v k = (Wh ^D> an d Hermitian projections onto Vk for k = 1, 2 respec- 

tively. Let si, S2 € R be constants such that s\ ^ s\ and S1S2 7^ 0. Let Uk 
denote the unit direction of 

g S] ,ir 3 {-isk){vk) 

for j 7^ k, and Tk the Hermitian projection onto Uf~- Then: 
(i) Uk is of the form 775 iV£) for some unit vectors Uk G R n and Vk G R m . 

Sl,7Tl (A) = (A). (15.1) 

(in) 7~i,T2 are unique projections satisfying (15.1). 
PROOF. 

(i) follows from the fact that Qsj^j satisfies the G m)n -reality condition. 

(ii) Let Qi = g Siy7r and g { = g SiyTi for i = 1,2. The residue of g^g^ 1 at 
A = zsi is 



i? isi = 2i8i(ri^ 2 («3i)(/ - 7Ti) + (J - Ti)02(«Si)7Ti). 
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Since U\ is parallel to g 2 (—isi)(vi), 

(g 2 (is l )(v^),u l ) = (v^,g 2 (is 1 )*g 2 (-is 1 )(v 1 )), 

where vf- is the orthogonal complement of V\. But g{z)* g{z) = I. So the above 
inner product is zero, i.e., rig2(isi)(I — 7ri) = 0. Since U\ is parallel to 

g 2 (-isi)(v 1 ) = g 2 (isi)(vi), 

a similar argument gives (/ — fi)g 2 {isi)TTi = 0. Hence R% Sl = 0, which implies 
that gig 2 g\ 1 is holomorphic at A = is. Since g\g 2 g\ X satisfies the reality con- 
dition, it is also holomorphic at A = —%S\. So h\ = gig2g\ 1 g 2 1 is holomorphic 
at ±isi. Use a similar argument to prove that h 2 = g 2 g\g 2 X g\ X is holomor- 
phic at A = ±is 2 . But hi = h^ 1 , which is holomorphic for all A G C except 
at A = ±isi,±is 2 . Since hi(X)~ 1 = hi(X)*, h^ 1 is holomorpic at ±is 2 . This 
proves that hi is holomorphic for all A G C. But hi(oo) = I. So hi = I. This 
proves (ii). 

(iii) Let <7j denote the projection onto i/i, and 4>i = g Si ,ai- Suppose <pig 2 = 
(p 2 gi- We want to prove U{ = T{. But (pi = (\) 2 gig 2 X implies that (p 2 gig 2 1 is 
holomorphic at A = is 2 . Hence the residue at is 2 must be zero, i.e., 

v 2 gi(is 2 )(I - tt 2 ) + (/ - a 2 )g 2 (is 2 )7T 2 = 0. (15.2) 

Since 

(v 2 ,v 2 ) = 0, (y 2 ,y 2 )=0, 
(15.2) implies that cr 2 gi(is 2 )(I — ir 2 ) = 0. So 

0= (gi(is 2 )(v^),y 2 ) = (vi,gi(is 2 )*(y 2 )) = (v£, ^(-iss)" 1 ^))- 

This proves that gi(—is 2 )~ 1 (y 2 ) G Cv 2 . Hence y 2 is parallel to gi{— is 2 )(v 2 ). 
■ 

It is known (cf. [TU2]) that an analogue of Bianchi's Permutability Theorem 
can be obtained easily from the above Proposition. We sketch the reason here. 
Let £ be a solution of the C^^-system, and E the frame of £ with £"(0, A) = /. 
Let gj = gisj^j, hj = gi Sj ,Tj as in Proposition 15.1. So hig 2 = h 2 g x . Since 
dressing (j is an action, 

{hig 2 M = (h 2 giM. 

Let & = g4£. Then 

which will be denoted by £3. Factor 



giE = E x gi, g 2 E = E 2 g 2: h 2 E x = E 4 h 2 , h x E 2 = E s hi 



90 



such that E l {x,X) are holomorphic for A G C and gi(x, X), hi(x, X) are mero- 
morphic for A £ S 2 and are equal to / at A = oo. Then 

h 2 g x E = E A h 2 gi, h x g 2 E = E i h 1 ~g 2 . 

It follows from the assumption h\g 2 = h 2 g\ and the uniqueness of factorization 
that E 3 = E A , and h\g 2 = h 2 g\. So by Proposition 15.1 and Theorem (7.10), 
we have 

and the projections fj and TTi(x) are related the same way as Tj and 7Tj. 

To summarize, let £ be a solution of the G mjn -system, and E the frame of 
£ such that £'(0, A) = /. Let 7Tfe be the projection onto Vk, £i = S^, Trtt?, and £j 
frame of ^. 

Vk(x) = E(x, -isk^ivk), v k = Vk/ || v k || , 

and nk(x) the projection onto Vk- Let $ : g/(n + m, C) — > .M mjn be the map 
defined by 

where a gl(n + m) matrix is blocked into (m, n) blocks. Then 

6fc = £ - 4is$ m , n (0 fc 0fc), fc = l,2. 

Suppose sf ^ s|. Let 

Then we get the Permutability Formula: 

= £ - 4i$ mjn (s 2 W2W2 + SlVlV*) 

= <7is 2 ,T 2 tt£l = ^isi,ntt£2j 

where Tj is the projection onto Uj(0). We have shown in section 10 that the 
action g s >n on the space of solutions of the G m)?7 ,-system gives rise to Ribaucour 
transformations for submanifolds. Hence we get 

15.2 Corollary. Let Pi : v(M) — > v(Mi) be the Ribaucour transformation for 
Rat n-submanifolds in ( S' m + n - 1 corresponding to the action ofg Sij7Ti . If SiS 2 7^ 
and s\ 7^ s\, then there exist unique flat n-submanifold M3 in S n+rn ~ 1 and 
Ribaucour transformations P\ : u(M 2 ) — > u(M^) and P 2 : v{M\) — > ^(Ms) such 
that P x oP 2 = P 2 oP 1 . 

The Permutability Formula and Theorem for flat n-submanifolds in R m+n , 
n-tuples in R m of type 0(n), G x m ^-systems, and the submanifolds associated to 
the n -system can be obtained exactly the same way. So we will not write 
them down. 
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16. The [//if-hierarchy and Finite type solutions 

In this section, we give a short review how the U/K-sjstem fits into the 
[7/i^-hierarchy of soliton equations. We also explain the relation between the 
ODE method of constructing finite type solutions of the U / K-system and the 
dressing action. 

First we give a quick review of the ZS-AKNS n x n hierarchy of commuting 
flows. Let a± be a diagonal matrix with distinct eigenvalues, and a±, • ■ • , a n _i 
linearly independent diagonal matrices in sl(n,C). Since a\ has distinct eigen- 
values, the map ad(ai)(a;) = [ai,a;] is a linear isomorphism of sl*(n,C), where 
sl*(n,C) is the space of all x G sl(n,C) with zero on all diagonal entries. It 
is known (cf. [Sa], [TU1]) that given 1 < % < n — 1 and a positive integer 
j there exists a polynomial differential operator Q ai ,j of order j — 1 for maps 
u : R — > s/*(n, C) such that 

(i) Q a% ,o = o< and Q ai ,i( u ) = ad (°0 ad(ai) _1 (u), 

(ii) (Qoi,j)x + [u,Q ai ,j\ = [Q ai ,j+u a] for all j. 

The j-th flow on C°°(R, C)) defined by a,j is the following evolution equa- 

tion 

Ut = (Q ai ,j(u))x + [U, Qa it j(u)]- (16.1) 

All these flows commute. The hierarchy of these commuting flows is called the 
S L(n, C)-hierarchy. It follows from (ii) that u is a solution of (16.1) if and only 
if 

tt x = (oiA + u)da: + j ^ Q ai ,k^~ k ) d* 

\fc=o / 

is flat for all A G C. 

For example, when j = 1, equation (16.1) is 

u t = ad(aj) ad(ai) _1 (M2;) + [u, ad(a^) ad(ai) _1 (u)]. (16-2) 

Many well-known soliton hierarchies come from restricting the flows in the 
SL(n : C)-hierarchy to various invariant submanifolds. If a, G su(n), then A4i = 
C°°(R, sw*(n)) is invariant under the j-th flow for all j ' > 1, where su*(n) = 
sl*(n,C) fl su(n). The restriction of the SL(n, C)-hierarchy of flows to A^i is 
called the <S'L r (n)-hierarchy. For example, the second flow in the S'L r (2)-hierarchy 
is the non-linear Schrodinger equation: 

Qt = \ (q xx + 2\q\ 2 q) : (NLS) 

where u = ^ ^_ ^ and ai = diag(i, —i). 

Let u : R 2 — > su* (n) be a solution of the j-th flow of the 5"?/ (n)-hierarchy, 
and £" the solution for E~ 1 dE = Q\ with £"(0, A) = /. Then Q\ and E satisfy 
the S'L r (n)-reality condition. 
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If cii G su(n) is pure imaginary for all %, then M.2 = C°°(R,so(n)) is 
invariant under all the odd flows. The restriction of the <S'C/(n)-hierarchy to .M2 
is the SU(n) / S'0(n)-hierarchy. For example, the third flow in the SU{2) / SO{2)- 
hierarchy is the modified KdV equation: 

Qt = («m + 6q 2 q x ) , 

where u = ^ ^ ^ with g real and ai = diag(i, — i). 

If u : i? 2 — > so(n) is a solution of the j-th flow in the SU (n) / S'0(n)-hierarchy 
and E is the solution for E~ 1 dE = £}\ with E(0, A) = /, then £l\ and E satisfy 
the SU(n)/SO(n)-reality condition. 

We can replace sl(n, C) by any complex semi-simple Lie algebra Q, su(n) by 
a real form U of Q, and SU(n)/ SO(n) by a symmetric space U/K to construct 

U- and U/K- hierarchies similarly. 

Let G+ denote the group of holomorphic maps from C to Uc that satisfies 
the iy/X-reality condition (3.5), and G- the group of germs of holomorphic 
map g from G S 2 to at A = 00 that satisfies the U / ' K-i 'eality condition and 
g{oo) = I as before. Given g G G_, factor 

# _1 (A) exp(aiAa: + cii\H) = E(x, t, \)m(x, t, A) -1 

with E(x,t, •) G G+ and m(x,t, •) G G_. It is known (cf. [TU1]) that 

(i) E~ X E X = a\ A + u(x, t) and u is a solution of the j-th flow (16.1) defined by 

(ii) Qai,k{u) is the coefficient of A _fc in m _1 a^m. 

Let e au j(x) denote the one-parameter subgroup of G + generated by 77(A) = a^X 3 , 
i.e., e ai j(x)(X) = exp(a^A J a:). Then the j-th flow defined by can be viewed 
as the flows corresponding to the dressing action of the two parameter abelian 
subgroup {e aij i(x)e ai j(t) \ (x,t) G R 2 } of G + on G-. The U/K-system (1.1) 
can be viewed as given by the n commuting first flows in the U/K- hierarchy (cf. 
[TU1]). In other words, it corresponds to the dressing action of the n-dimensional 
abelian subgroup 

{e 0l ,i(zi) • • •e a „,i(x n ) I (xi,---,x n ) G R n } 
of G + on G- . We explain this more precisely below. Let g G G_ , and 

(n 
aiXxi 
i=i 

The Birkhoff factorization Theorem implies that there exists unique E(x, A) and 
m(x, A) such that 

g{X)- 1 E {x, X) = E(x, X)m(x, A) -1 (16.3) 



93 



with E(x, •) G G + and m(x, •) G G- for each x. Equation (16.3) implies that 
gE = E m. So we have 

E~ 1 E X . = m~ 1 a i mX + m~ 1 m Xi (16.4) 

for each 1 < i < n. Since the left hand side of (16.4) is holomorphic for A G C, 
so is the right hand side. Expand m(x, A) at A = oo: 

m(x, A) = I + mi(x)X~ 1 + m2(x)X~ 2 + • • • . 

Then we have 

m~ 1 am = a + [a, mi] A -1 + • • • . 
For h(X) = Y,j< no M J > define 

h + (X) = J2h j V, h-(X)= £ hjXi. 

j>0 j<-l 

Since E~ 1 E Xi is holomorphic for A G C and m~ 1 m Xi = J2j<-i^j^^ equation 
(16.4) implies that 

E~ 1 E Xi = (m~ 1 aimX) + = aiX + [a^, mi] (16.5) 

m~ 1 m Xi = —(m~ 1 aimX)-. (16.6) 

By Proposition 2.2, p(mi) is a solution of the U / K-system (1.1), where p is the 
projection onto V fl A 1 - . In fact, p(m-i) = g#0, the action of g at the solution 
v = 0. 

Let J 7 denote the space g G G_ such that g(X)~ 1 ag(X) is a polynomial in 
A -1 . Solution gftO is called a /sm£e type solution. This is motivated by the finite 
type solutions constructed for CMC tori in R 3 by Pinkall and Sterling [PiS], in 
N 3 (c) by Bobenko [Bol], and for harmonic maps from a torus to a symmetric 
space by Burstall, Ferus, Pedit and Pinkall [BFPP]. We explain below the relation 
between the dressing action and the ODE construction of finite type solutions. 

First we derive a system of equations for m _1 aim. It follows from a direct 
computation and (16.6) that 

(m~ 1 aim) Xi = \m~ x a\m^m~ x m x ^\ = [m _1 aim, — (m _1 aimA)_]. 

But [ai, a,i] = implies that [m _1 aim, m~ 1 aim] = 0. So we have 

(m~ 1 aim) Xi = [m~ 1 aim, (m~ 1 aimX) + ]. (16.7) 

Write 

oo 

m~ 1 (x, X)aim(x : A) = y^gj(a;)A~ J . 

3=0 
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Then £1 = [a, mi] and 

(m~ 1 aim\) + = a^A + [a*, mi] = a^A + ad(a^) ad(ai) _1 (mi). 
So equation (16.7) becomes 



Eft*- 



^^•A J , a;A + ad (a.) ad(oi) 1 (^i) 
j=o 



(16.8) 



Since m and a\X satisfy the U/K-reality condition, m~ 1 ai\m satisfies the 
U/K- reality condition. It follows from Proposition 3.2 that the coefficient of X~ J 
of m~ 1 aim satisfies the condition that £j G JC for j odd and £j G "P for j even. 

Compare coefficient of A - - 7 in (16.8) for each j to get 



(Zjhi = ad(oi) ad(oi) + fo+i, o»], < j, 



(16.9) 



where £j G /C if j is odd, £j G V if j is even, and £o = fli- Note that for a 
fixed positive integer k, system (16.9) leaves the subset defined by £j = for 
all j > k + 1 invariant. On this invariant subset, system (16.9) becomes the 
following system for • • • , f fc ): 



= [Ci, [ai,ad(oi) HCi)]] + [6, a 
= [a„ad(a 1 )- 1 (ei)]] + [6, a 



l J ; 
i], 



(16.10) 



(Cfc)^ = [Cfc, [o i} ad(oi) ^Ci)]]- 



Thus we get 



16.1 Theorem. Let k be a positive integer, a\ + Y^Jj=\ J = fl r (^) 1(l i9W 
for some (7 G J 7 , V\ = JC fl .A -1 , Vj = /C if j is odd, and Vj = V if j is even. 
# (£i> ' ' • > Cfc) : — ^ ^1 x ^2 x • • • x T4 is a solution of (16.10) with £ = ai, 
= 0, and £j(0, • • • , 0) = ?]j for 1 < j < k, then ad(ai) _1 (£i) is a solution 
of the U/K-system (1.1) and ad(ai) _1 (fi) = #). 
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Figure 1 

Example 10.8 (i). A 2-tuple in R 3 of type 0(2) obtained by applying 
a Ribaucour trasformation to a pair of lines 
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Figure 2 

Example 10.8 (ii). A 2-tuple in R 3 of type 0(2) obtained by applying 
a Ribaucour trasformation to a pair of lines 



Example 10.10. K 



Figure 3 

1 surfaces, top: case (1), bottom: case 



Figure 4 



Example 13.2. An isothermic pair obtained by applying 
a Darboux transformation to the isothermic pair of planes 
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Figure 5 

Example 13.5. A CMC surface obtained by applying a Darboux transformation to a cylinder 
Top: surface Y\ for a = 2, coshc = 2. Bottom: surface Y\ for a = 2, coshc = 4. 



100 



Figure 6 

Example 13.5. A CMC surface obtained by applying a Darboux transformation to a cylinder 
Top and bottom: two views of the surface Y\ for a = 2.75, coshc = | 
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Figure 7 

Example 13.5. A CMC surface obtained by applying a Darboux transformation to a cylinder 
Top left and right are two views of the surface Y\ for a = 2, cosh c = | 

Bottom left and right are two views of the surface Y\ for a = 2, coshc = |. 
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